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ABSTRACT

A numericalinvestigationof unsteadywind tunnelandgroundinterferenceeffectsis carried

out in thetime domainto studythetransonicflutter characteristicsof theNLR 7301sectioninside

a wind tunnel and the thrust generationcharacteristicsof a NACA 0014 airfoil plunging neara

groundplane.A parallelized,multi-block, deforminggrid, unsteadyflow-solver is coupledwith a

two-degree-of-freedomstructuralmodel.

For thetransonicflutter problem,two typesof porous-wall boundary-conditions areimple-

mentedandtestedfor theboundariesrepresentingthe tunnelwalls. The type of porousboundary

conditionis foundto influencesignificantlybothsteadyandunsteadysolutions.Resultsshow that

the free-flight flutter behavior may differ significantly from the behavior found in a porouswind

tunnelbecauseof thestrongdependenceon thetunnelporosityparameterandtheproximity of the

walls.

An analysisof the trailing edgeboundaryconditionis performedfor theairfoil in ground

effect. The computationsshow that this boundarycondition influencesthe solution only when

non-linearitiesarepresentin the flow-field, althoughparametersaveragedthrougha cycle of os-

cillation arenot affectedsignificantly. Thesamebehavior is observed for the influenceof the tur-

bulencemodelon the fully-turbulent, unsteadycomputations.However, the bestagreementwith

low Reynolds number, experimentaldatais obtainedwhen the flow is assumedlaminar and no

turbulencemodelis applied.
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I. INTRODUCTION

Thestudyof unsteadyflow problemshasbecomevery importantin thepastfew decades.

Among many otherproblems,onecanmentionthrustandlift generationby meansof oscillating

wings,flutter, dynamicstall,blade-row interactionsin axial compressors,andblade-vortex interac-

tionsonhelicopterbladesasexamplesof importantunsteadyaerodynamicproblems.Theproblems

of transonicflutter of an airfoil inside a wind tunnel and flapping wing propulsionof opposed-

plungingairfoils aretheprimaryinterestof thiswork.

Themainpurposeof this introductorychapteris to give thereaderanoverview of thelatest

achievementsrelatedto thesetwo problemsandto summarizethecontributionsof thepresentwork

to the numericalcomputationof unsteadyflows pasta fluttering airfoil insidea wind tunneland

over a flappingairfoil in groundeffect. Consequently, this chapteris divided into specificsections

relatedto thesetwo problems.It alsoincludesa sectionaboutsomeof thedetailsof an unsteady

aerodynamicssolver commonto bothproblems.

A. TRANSONIC FLUTTER STUDIES

Historically, greatefforts have beendevotedto experimentalandtheoreticalinvestigations

of thetransonicfluttercharacteristicsof airfoils becausethetransonicdip associatedwith theflutter

speedof typical aircraft wings posesa seriousproblemfor flight safety. Developing theoretical

modelsfor unsteadyflows hasbeenpursuedboth analytically and numerically. But becauseof

thestrongnonlinearcharacterof thegoverningequations(Navier-Stokesequations),onestill must

rely on experimentsto understandsomeflow characteristicsor to validatetheoreticalmodels.The

dramaticadvancesin computerpower in the pastfew yearshave madeComputationalFluid Dy-

1



namics(CFD) very popularamongengineersandresearchersto overcomesomeof thedifficulties

of solvingtheNavier-Stokesequations.

Flutter is a phenomenongeneratedby the interactionbetweenfluid flow and structure.

Therefore,numericalsolutionsof flutter problemsrequiretheuseof CFD coupledwith Structural

Dynamics(SD) solvers.Analytical solutionsof theunsteadyequationsareavailableonly for a few

specialcaseswith little practicalapplication.Only very recently, someexperimentaldatawasgen-

eratedwith thepotentialfor validatingCFD/SDcodes,for examplethedatapresentedby Schewe

etal. [31, 44].

Thestudyof flutter startedbecauseof theearlierdevelopmentof fighteraircraft,especially

duringWorld War I. Somedesignersabandonedtheclassicalbiplaneconfiguration,with its inter-

planebracing,in favor of themono-planewing with lesstorsionalrigidity. With thedevelopmentof

fasteraircraft, theaeroelasticbehavior of theairplanebecamemoreimportant.Oneof theearliest

bookspublishedon this subjectwaswritten by Bisplinghoff, Ashley, andHalfman[9] in 1955. It

wasacompilationof thetheoreticalandexperimentaltoolsavailableat thattime for flutter studies.

Theanalyticalmodelsweremainlybasedon thesmalldisturbancesconcept.

Thefirst significantuseof CFDto performfluttercalculationsis dueto BallhausandGoor-

jian [5] in thelate1970’s. They studiedthesingle-degreepitchstabilityof anNACA 64A006profile

nearM∞
� 0 � 88. Themainconcernwasto predictcorrectlythemotionof theshockwith oscillation

of theprofile,particularlythephaselag with respectto theoscillatoryangle-of-attack.

Sincethen,theuseof CFD/SDsolversto analyzeflutter problemsin thetime domainbe-

camemoreandmorefrequent.For instance,the phenomenonof stall flutter wasstudiedby Eka-

terinarisandPlatzer[17]. They useda thin-layerNavier-Stokessolver includinga transitionmodel

with asimplifiedcriterionfor thetransitiononset.Thenumericalsolutionwith thetransitionmodel

2



showed that the small laminar/transitionalseparationbubble forming during the pitch-upmotion

hasadecisive effecton thenear-wall flow andthedevelopmentof unsteadyloads.

A time-domainanalysisof low-speedairfoil flutter wasdoneby JonesandPlatzer[25] in

1996.A time-steppingaeroelasticcodewasusedto performcomputationsfor two-airfoil systems.

The configurationsstudiedwerea two-airfoil tandemandan airfoil in groundeffect. Becauseof

theexcellentagreementwith pastresults,their codecanbeappliedasa feedbackloop to stabilize

flutter of a trailing airfoil actively, to investigatewake interferencein rotary-wingflowfields,andto

simulateflutter in groundeffect.

Transonicflutter computationswere the subjectof several paperspublishedby Beranet

al. [6, 10, 36]. Themaininterestof their investigationswastheairfoil flutterboundaries.They used

two Euler solvers to calculatethe flutter onsetfor a pitch-and-plungeairfoil at transonicspeeds.

They appliedtheHopf-bifurcationanalysisto determinetheflutteronsetandfoundthatthismethod

is preciseandefficient for gridstypicalof inviscid, transonicairfoil calculations.

Navier-Stokes computationsfor flutter of an airfoil sectionwereconductedby Weberet

al. [54] andWeberet al. [55]. In the former work, a flutter studyof turbomachinerybladeswas

conductedby using a full Navier-Stokes code. In the latter, Weberet al. [55] useda thin-layer

Navier-Stokes solver to performLimit Cycle Oscillation(LCO) computationsfor the NLR 7301

airfoil. Comparisonsof this unboundedflow calculationwith experimentalresultsobtainedby

meansof a wind tunneltestsuggestedsignificantwall interferenceeffects.Castroet al. [11] found

thattheinclusionof thewind tunnelwalls in themodelingof theproblemcansignificantlyimprove

theagreementof numericalandexperimentalresultsfor steadyaswell asunsteadycomputations.

Theimportanceof tunnelinterferenceis well recognized[35], but reliablequantitative esti-

matesarestill lacking.For instance,Khalid andMokry [30] havepresentedinviscidcalculationsfor

tunnelwall interferenceeffectsin steadyflow overaNACA 0012airfoil in 2-D transonicflow. How-

3



ever, no Navier-Stokesstudiesseemto have beendoneto analyzeunsteadytransonicinterference

effects.

This dissertationis a continuationof thework presentedin [11] in which it wasfoundthat

both the porosity and the way of applying the correspondingboundarycondition influencedthe

resultsof bothsteadyandunsteadycomputationsfor theNLR 7301airfoil insidea wind tunnelat

transonicspeeds.In that work, modelingthe porosityof the tunnelwall requireda very careful

constructionof thegrid in which thecellswereapproximatelyequallyspacedat thewall regions.

Thiswasnecessarybecausesomegrid cellsweretreatedassolidwallswhile othersweretreatedas

holesin orderto achieve thedesiredporosity. For example,a50%porositywasmodeledby treating

four consecutive grid cellsasholes,thenext four assolid walls, andsoon. Thedrawbackof this

approachwasthata very limited numberof possiblevaluesof porositycouldbesimulateddueto

thefinite numberof grid cellsat thewind tunnelwalls. In fact,only porosityvaluesof 25%,50%,

and75%werefeasible.Furthermore,theplenumchamberpressurewasnot includedin themodel.

Comparisonswith experimentalresultsobtainedin theDLR-Göttingenwind tunnel[31, 44]

have demonstratedthat inclusionof wind-tunneleffectsis thekey to obtainingbetteragreementof

boththesteady-statepressuredistribution andtheflutter characteristicswith theexperiment.

A primary goal of the presentinvestigationwasto improve the porouswind-tunnelwall

model usedin the previous study, specifically, providing solution uniquenessand including the

plenumpressure.As earliermentioned,thepreviousmodelprovideda numberof waysto achieve

the sameporosity, eachresultingin a different solution. Furthermore,it wasdesirableto elimi-

natethe requirementfor equallyspacedgriddingalongthe tunnelwalls. In thepresentwork, the

approachpresentedby Mokry et al. [35] is used. The normal velocity at the porouswall is set

proportionalto thepressuredifferencebetweentheplenumchamberandthetestsectionwall. This
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modelallows amuchmorecontinuousvariationof flow parametersanddoesnot requireanequally

spacedgrid alongthewalls.

In this dissertation,the effect of tunnel wall interferenceon transonicflutter/limit-cycle

predictionis investigatedin furtherdetail.To thisend,parametricstudiesof porosity, tunnelheight,

andMachnumberareconducted.Numericalsolutionsareobtainedfor anairfoil freeto oscillatein

two-degrees-of-freedomin transonicflow andthe resultsarecomparedwith themeasurementsof

Knipfer et al. [31].

Theproblemof transonicflutter of anairfoil insideawind tunnelis solvedbecausethereis

neitherananalyticalnor anexperimentalmethodof eliminatingmeasurementinterferencecaused

by wind tunnelwalls in thetransonicregime.

B. FLAPPING AIRFOIL STUDIES

Flappingwing propulsionhasbeenusedby birdsandinsectsfor many millenniabut barely

by mankind.Althoughtheconceptof obtainingthrustby meansof aplungingairfoil wasexplained

by Knoller [32] in 1909andby Betz[7] in 1912,very few efforts have beenmadeto exploreor to

studythisalternative to themoreconventionaluseof propellers.

Thefirst experimentaldemonstrationof thefeasibilityof flappingwing propulsionwasper-

formedby Katzmayr[29] in 1922. Thefirst solutionfor incompressibleflow pastflappingairfoils

was presentedby Birnbaum[8] in 1924. Then, in 1936, Garrick [19] solved the problemof a

sinusoidallyplungingairfoil, usingTheodorsen’s theory[48], for thewhole rangeof reducedfre-

quencies.Thissolutionwasbasedon thelineartheoryanddoesnothold for detachedflows typical

of high reducedfrequencies.
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Oneof theearliestnumericalmodelsfor a 3-D flappingwing wasdevelopedby Lan [33]

in 1979. He usedanunsteadyquasi-vortex-lattice to calculatethepropulsive efficiency andthrust

for somesweptandrectangularplanformsby varying the phaseanglesbetweenthe pitching and

plungingmotions. It wasshown that aerodynamicallyinteractingtandemwings, asusedby the

dragonfly, can producehigh thrust with high efficiency when the pitching is in advanceof the

flappingand the hind wing leadsthe fore wing with someoptimumphaseangle. Linear theory

wasalsousedin thiscase,therefore,detachedflowsarenot capturedby thismodel.

With theadvent of CFD, theproblemwith detachedflows could beovercome.It became

possibleto studyimportantunsteadyphenomena,suchasthedynamicstall. Amongtherecentin-

vestigationsdoneon this subject,thework of Platzeret al. [42, 43, 53] deservesspecialattention.

They appliedathin-layerNavier-Stokessolver improvedwith atransitionmodelbasedonGostelow

et al. [20] anddeterminedthedynamicstall boundariesfor theNACA 0012airfoil. Furthermore,

they investigatedtheneedof includinga transitionmodelinto theCFD solver andalsothecharac-

teristicsof dynamicstall andflappingairfoil propulsion.On thepredictionof dynamicstall, Jones

andPlatzer[26] showedthatthedelayin thedynamicstall onsetis relatedto thedynamicpressure

lag.

Platzeret al. [23, 28, 22, 51, 52] alsostudiedtheproblemof flappingwing propulsionin

closedetail. Numerically, they usedbothanunsteadypanelcodemethod(UPOT) coupledwith a

boundary-layersolverandathin-layerNavier-Stokessolver for theircomputations.Experimentally,

a low-speedwind tunnelandalsoawatertunnelwereused.Amongotherconclusions,they showed

thatsomeconfigurationsof two airfoils canproducebetterpropulsive efficiency thana singleflap-

ping wing. As an exampleof suchconfigurations,the flapping/stationaryairfoil combinationin

tandemprovideda40%augmentationin propulsive efficiency.
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Thework performedby Isogaietal. [21] is alsoworthmentioning.They studiedtheeffects

of dynamicstall on propulsive efficiency andthrustof a flappingNACA 0012. It wasdetermined

thataphaseanglebetweenthepitchandplungemotionsof 90degreeswouldyield optimumvalues

of propulsive efficiency andthrust. A similar resultwasobtainedexperimentallyby Anderson[3]

andAndersonet al. [2]. Using a model for the NACA 0012 immersedin a water tunnel, it was

foundthat thehighestpropulsive efficiencieswereobtainedfor a phaseangleof approximately75

degreesbetweenpitch andplungeandmotionswith high effective anglesof attack.This indicates

thatthepresenceof thedynamicstall vorticesmightnotalwaysbedetrimentalto thrustgeneration.

More recently, Dickinsonet al. [14] experimentallystudiedthecharacteristicsof flight of

an insectwing. It was found that the most importantmechanismsin insectflight arewhat they

called“rotationalcirculation” and“wake capture.” In thelattermechanism,thewing benefitsfrom

theshedvorticity of thepreviousstroke. They effectively demonstratedthat thewing canproduce

positive lift by interactingwith its own wake.

RamamurtiandSandberg [40] alsostudiedtheproblemof anoscillatingNACA 0012.With

a finite elementincompressibleflow solver, they investigatedtheeffectsof varyingthephaseangle

betweenpitch andplungemotions. Their resultsshow good agreementwith the experimentsof

Anderson[3] for thethrustcoefficient,andit wasfoundthatphaseanglesbetweenpitchandplunge

around90 degreesdeliver thebestpropulsive efficiency.

Someof the flapping wing configurationsinvestigatedin recentyearsare presentedin

Fig. 1.1. The single airfoil (a) hasbeenthe subjectof many studies. The opposed-plunge(c)

combinationwasinvestigatedboth numericallyandexperimentallyby JonesandPlatzer[28] and

Lund etal. [34]. Thenumericalinvestigationwasdoneusinganunsteadypotentialflow codemod-

ified to computeincompressibleflow over two airfoils oscillatingin plungewith a phaseangleof

180 degrees.This code,calledUSPOT, wasoriginally developedby Pang[37] in 1988. It is im-
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portantto recall that theflow solutionfor two airfoils arrangedin a biplanefashion,oscillatingin

plungewith a phaseangleof 180degrees,is equivalentto theflow over a singleairfoil oscillating

neara groundplane.This remainstrueevenfor viscousflow solutionsaslong asan inviscid flow

tangency conditionis enforcedalongthegroundplane. In their experimentalinvestigation,Jones

andPlatzer[28] built and testeda biplaneconfiguration. Therefore,the singleairfoil in ground

effect solutiondevelopedin this dissertationcanbecomparedwith their experimentalresults.The

experimentalpartwasconductedin theNaval PostgraduateSchoollow-speedwind tunnel.

Apparently, theonly Navier-Stokescomputationsfor theopposed-plunge,or biplane,con-

figurationhave beendoneby TuncerandKaya [50]. Their approachconsistsof applyingC-grids

for eachairfoil and over-settingthem with a Cartesiangrid in a “Chimera” fashion. It appears

thatno computationsweredonefor sucha configurationusinga deforminggrid approach.There-

fore, oneof the purposesof this dissertationis to analyzethis problemusingthe samethin-layer

Navier-Stokessolver usedfor investigatingthetransonicflutter of anairfoil with wind tunnelwall

interference.

The problemof an airfoil oscillating in groundeffect is investigatedin this dissertation

becausethemicro-airvehicledevelopedat theNaval PostgraduateSchoolusesabiplanewing con-

figurationfor thrustgeneration.This configurationis known to producemorethrustperwing than

thesinglewing configurationandallows amuchbettermechanicalbalance.
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C. COMMON ISSUES

The flow solver and the aeroelasticmodelsusedin the presentinvestigationhave been

testedandvalidatedextensively in previous studiesfor a varietyof flow conditions.For example,

theflow solver andthe turbulencemodelshave beentestedfor subsonicflow [43, 16, 18] andfor

transonicflow [15]. The aeroelasticmodelhasbeenimplementedandtestedin [27] for inviscid

flow calculationsandin [55] for viscous,transonicflow.

Thetransitionmodelingcapabilityof thecodewasdemonstratedin [55, 43]. Nevertheless,

becausepreviousresultsof [55] showedthattransitiononly slightly improvedthenumericalresults,

transitionmodelingwasnotusedin thepresentinvestigation,assumingfully turbulentflow.

Theinfluenceof thedifferentturbulencemodelsavailablefor thepresentcodein thenumer-

ical predictionsof transonicflutterwasalsostudiedby Weberetal. [55]. It is known thatturbulence

modelsare calibratedonly for steady-stateflows. Nevertheless,it is commonpracticeto apply

themfor unsteadyflows without any furthermodification. It wasfoundduring this work that, for

one-equationturbulencemodelsappliedto moving grid problems,somemodificationsin their im-

plementationis necessary. Specifically, the time metricsshouldbe includedin thecomputationof

thecontravariantvelocityusedin theconvective terms,anda time-accurateintegrationof thetrans-

port equationshouldbeperformed.This modificationwasdiscussedwith Dr. StevenAllmaras[1]

andrepresentsoneof thecontributionsof thepresentinvestigation.

Theability of themulti-blockversionof theflow solver to predictaccuratelytheflow overa

stationaryairfoil in awind tunnelby includingporouswall effectswasdemonstratedin theprevious

work [11].

Theproblemsof flutter of anairfoil insidea wind tunnelandof anoscillatingairfoil near

a wall canbe numericallysolved in a very similar manner. For the former, two wall boundary

conditionsshouldbeappliedbothaboveandbelow theairfoil. For thelatter, only onewall boundary
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Figure1.2.Comparisonof theConfigurations

conditionis necessarybelow theairfoil. For theupperboundary, free-streamboundaryconditions

areapplied.Therefore,thesamesolver, only with minor changesowing to specificcharacteristics

of eachconfiguration,canbeusedfor numericalcomputationsof bothproblems.

Time-accurateunsteadycomputationsrequire large computingtimes until a reasonable

numberof cycles is reached.Computationalefficiency canbe improved by taking advantageof

parallelarchitectures.Thecomputationaldomainis divided into threeblocksto enablediscretiza-

tion of thefull geometry, for bothproblemsunderinvestigation.This makestheapproachsuitable

for parallel computation. Therefore,a newly developedparallel versionof the codeusesthree

PentiumII 400 MHz PC’s to carry out the computations,assigningoneblock to eachprocessor.

Theboundaryconditionsaretransferredfrom onemachineto anothervia a specificlibrary called
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MessagePassingInterface(MPI). Theclusterof Linux PC’s is effective in performingtheparallel

computationsandis alsoeffective in reducingthewall-clock time.

D. DISSERTATION OVERVIEW

The theoreticalbackgroundfor the computationalcodesusedin this work is presentedin

ChapterII. The thin-layerNavier-Stokesequationsin conservative, unsteady, generalizedcoordi-

nate,andnondimensionalform arediscussedalongwith someimportantissues,suchasthenumeri-

cal scheme,turbulencemodels,deforminggrids,andtransitionmodels.Thenecessaryadjustments

for workingwith moving andchanginggridsarepointedout. A brief explanationof thetwo-degree-

of-freedomstructuraldynamicsmodelis alsogivenin ChapterII.

Somemorespecifictopicsconcerningthepresentwork arepresentedin ChapterIII. It con-

tainsanexplanationof why a three-blockgrid configurationis usedandhow a parallelizedversion

of the programis implemented.The treatmentof boundaryconditions,one of the most impor-

tant issuesconcerningunsteadyaerodynamics,is alsodiscussedin ChapterIII. Specificboundary

conditionsfor boththetransonicflutter in thewind tunnelandtheairfoil in groundeffect configu-

rationareexplainedin moredetail. Furthermore,a combinedpitch/plungemotion is imposedto a

NACA 0012airfoil in orderto evaluatetheperformanceof two differentboundaryconditionsat the

trailing edge.

Thevalidationsof thecomputationalcodeusedin this work arepresentedin ChapterIV,

specificallywith respectto the moving or deforminggrid capability of the solver. A transonic

steady-statecomputationis performedto show thattheprogramdoesnot generatelargedeviations

from thesolutionwhenmoving grid pointsarecrossingshockwaves.A subsonicnumericaltestis

conductedto show thatamulti-grid discretizationyieldsasimilarsolutionasasingle-gridapproach.
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At theendof this chapter, a comparisonwith a potentialflow solver solutionis donefor a biplane,

opposed-plungeconfiguration.Thepurposeof this chapteris to show that the theorypresentedin

ChaptersII andIII is adequatefor treatingdeforminggrid problems.

Theresultsobtainedfor the two problemsunderinvestigationarepresentedin ChapterV.

In the first sectionof this chapter, the detailsaboutthe resultsfor the flappingairfoil in ground

effect configurationarediscussed.A NACA 0014airfoil is allowedto oscillatein thepureplunge

modeneara wall. The influenceof someparameters,suchastheReynoldsandMachnumbersis

investigated.Fully turbulent computationsaredonefor theSpalart-AllmarasandBaldwin-Lomax

turbulencemodels.A fully laminarsimulationis performedfor aReynoldsequalto 10,000aswell.

The secondpart of this chapteris dedicatedto the transonicflutter with tunnelwall interference

of the NLR 7301airfoil. The influenceof the porouswall boundaryconditionis studiedin close

detail.Theporosityparameteris foundto changethesteady-statesolutionssignificantly. Therefore,

porosityparameter’s influenceon the limit cycle oscillationsis alsoevaluated.BecausetheMach

numberis closeto the transonicdip, this parameteris varied in order to evaluatethe changesin

the flutter characteristicsof the NLR 7301section. The heightof the wind tunnel testsectionis

increasedto assesscorrelationsof wind tunneltestswith unboundedflow situations.

Finally, theconclusionsof thepresentwork for the two problemsunderinvestigationand

therecommendationsfor futurestudiesarediscussedin ChapterVI.
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II. THEORETICAL BACKGROUND

A. UNSTEADY AERODYNAMICS

1. Governing Equations

Thesolutionfor theproblemof anunsteady, compressible,andviscousflow of aNewtonian

fluid is obtainedby solvingtheNavier-Stokes(N-S) equations.They arepresentedin matrix, non-

dimensional,andCartesiancoordinateform in Eq. (2.1):

∂Q
∂t L ∂F

∂x L ∂G
∂z

� ReM 1 N ∂R
∂x L ∂S

∂z O (2.1)

whereQ � �
ρ � ρu � ρw� e� T is thedependentvariableandrepresentsa vectorwhich componentsare

theflow statevariables.

The referencevaluesfor non-dimensionalization are the chord length c̃, the free stream

densityρ̃∞, thefreestreamspeed-of-sound̃a∞, thetime c̃
�
ã∞, andthespecificenergy ρ̃∞ã2

∞.

ThefluxesF, G, R, andSaregivenby:
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F �
PQQQQQQQQQQR QQQQQQQQQQS

ρu

ρu2 L p

ρuw�
e L p� u

TUQQQQQQQQQQVQQQQQQQQQQW
� G �

PQQQQQQQQQQR QQQQQQQQQQS
ρw

ρuw

ρw2 L p�
e L p� w

TUQQQQQQQQQQVQQQQQQQQQQW
�

R �
PQQQQQQQQQQR QQQQQQQQQQS

0

τxx

τxz

τxxu L τzxw X qx

TUQQQQQQQQQQVQQQQQQQQQQW
� S �

PQQQQQQQQQQR QQQQQQQQQQS
0

τzx

τzz

τxzu L τzzw X qz

TUQQQQQQQQQQVQQQQQQQQQQW
;

(2.2)

where:

τxx
� λ Y ∂u

∂x L ∂w
∂z Z L 2µ∂u

∂x � τxz
� µ Y ∂u

∂z L ∂w
∂x Z � τzz

� λ Y ∂u
∂x L ∂w

∂z Z L 2µ∂w
∂z �

qx
� X k∂T

∂x � qz
� X k∂T

∂z � λ � X 2µ
�
3 � (2.3)

Pressureis relatedto theothervariablesthroughtheequationof statefor anidealgas

p � ρRT � (2.4)

The N-S equationshave analyticalsolutionsonly for a few simple problems. Usually,

their solution involves a numericalprocedureusinga digital computer. This techniqueis called

ComputationalFluid Dynamics(CFD)andcanbeperformedeitherwith theFinite-volumemethod

or the Finite-differencemethod. Both methodsrequirethe generationof a computationalgrid to

discretizetheflow-field. Thegrid canbeadaptive to theboundariesof thedomainwheretheN-S

equationsarebeingsolved.SuchasituationdemandstheN-Sequationsto bewritten in generalized

coordinates(τ, ξ, andζ):
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Q̂τ L F̂ξ L Ĝζ
� ReM 1 � R̂ξ L Ŝζ �[� (2.5)

where:

Q̂ � J M 1Q J � �
xξzζ X xζzξ � M 1

F̂ � ξ̂tQ L ξ̂xF L ξ̂zG R̂ � ξ̂xR L ξ̂zS

Ĝ � ζ̂tQ L ζ̂xF L ζ̂zG Ŝ � ζ̂xR L ζ̂zS

� (2.6)

and

ξ̂t
� J M 1ξt

� xζzτ X xτzζ ζ̂t
� J M 1ζt

� xτzξ X xξzτ

ξ̂x
� J M 1ξx

� zζ ζ̂x
� J M 1ζx

� X zξ

ξ̂z
� J M 1ξz

� X xζ ζ̂z
� J M 1ζz

� xξ

� (2.7)

Equation(2.5) representsthe Navier-Stokes equationsin conservative, non-dimensional

form andis written in termsof thecomputationaldomainvariables.They arealsovalid for moving

or deforminggridsbecausetheJacobian,J, is consideredto bea functionof time (seeAppendixA

for details).

A commonsimplification to the Navier-Stokes equationsis the thin-layerapproximation

wherethetermR̂ξ on theRHSof Eq.(2.5) is neglectedin comparisonwith Ŝζ:

∂τQ̂ L ∂ξF̂ L ∂ζĜ � ReM 1∂ζŜ � (2.8)

SubstitutingEq. (2.2) into Eq.(2.6):
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Q̂ � J M 1

PQQQQQQQQQQR QQQQQQQQQQS
ρ

ρu

ρw

e

TUQQQQQQQQQQVQQQQQQQQQQW
F̂ � J M 1

PQQQQQQQQQQR QQQQQQQQQQS
ρU

ρuU L ξxp

ρwU L ξzp�
e L p� U X ξt p

TUQQQQQQQQQQVQQQQQQQQQQW

Ĝ � J M 1

PQQQQQQQQQQR QQQQQQQQQQS
ρW

ρuW L ζxp

ρwW L ζzp�
e L p� W X ζt p

TUQQQQQQQQQQVQQQQQQQQQQW
Ŝ � J M 1

PQQQQQQQQQQR QQQQQQQQQQS
0

µm1uζ L �
µ
�
3� m2ζx

µm1wζ L �
µ
�
3� m2ζz

µm1m3 L �
µ
�
3� m2m4

TUQQQQQQQQQQVQQQQQQQQQQW

� (2.9)

where:

m1
� ζ2

x L ζ2
z

m2
� ζxuζ L ζzwζ

m3
� ∂ζ

�
u2 L w2 � � 2 L]\ � γ X 1� Pr ^ M 1∂ζ

�
a2 �

m4
� ζxu L ζzw

� (2.10)

ThetermsU andW arethecontravariantvelocitycomponentsgivenby:

U � ξt L ξxu L ξzw

W � ζt L ζxu L ζzw

� (2.11)

Pressureis relatedto theothervariablesthroughtheequationof statefor anidealgas:

p � �
γ X 1��_ e X ρ

�
u2 L w2 � � 2̀.� (2.12)

2. Turbulence Models

Turbulencemodelsareintroducedto solvetheclosureproblemgeneratedby timeaveraging

the N-S equations.They aredivided into categories,suchasAlgebraic,One-Equation,andTwo-
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Equationmodels. The methodusedin this work is implementedwith oneAlgebraic turbulence

modelcalledBaldwin-Lomax(B-L) andoneOne-EquationmodelcalledSpalart-Allmaras(S-A).

The effectsof turbulencearetranslatedin termsof an eddyviscositycoefficient (µt ) and

new heatflux terms. The fluid viscosityµ is replacedby µl L µt , whereµl representsthe laminar

viscosity, andk
�
cp

� µ
�
Pr by k

�
cp

� µl
�
Pr L µt

�
Prt .

a. Baldwin-Lomax Turbulence Model

The Baldwin-Lomaxturbulencemodel, presentedin [4], representsa two-layer

algebraiceddyviscositymodelin which thetermµt is describedby:

µt
� PQQR QQS �

µt � inner � y a ycrossover�
µt � outer � y b ycrossover

(2.13)

wherey is thenormaldistancefrom thewall andycrossover is thesmallestvalueof y

atwhichvaluesfrom theinnerandouterequationsareequal.

Theequationsfor theinnersub-layerarebasedonaPrandtl-VanDriestformulation:

�
µt � inner

� ρ c 2 �ω � (2.14)

where: c � κy \ 1 X eM ydfe Ad ^�ω � �hg Y ∂w
∂x X ∂u

∂z Z 2

y	 � ρwuτy
µw

�ji ρwτwy
µw

(2.15)

Thefollowing equationsareusedfor theouterregion:�
µt � outer

� KCcpρFwakeFkleb
�
y� (2.16)
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whereK is theClauserconstant,Ccp is anadditionalconstant,and

Fwake
� min

�
ymaxFmax� CwkymaxU2

di f

�
Fmax�

F
�
y� � y �ω � \ 1 X eM ydke Ad ^

Fkleb
�
y� �ml 1 L 5 � 5 Y Ckleby

ymax Z 6 n M 1

Udi f
� � 
 u2 L w2 � max X � 
 u2 L w2 � min

(2.17)

The variablesymax and Fmax are determinedfrom the function F
�
y� . In wakes,

the exponentialterm of this function is setequalto zero. The function Fkleb
�
y� is the Klebanoff

intermittency factor. Udi f is thedifferencebetweenmaximumandminimumtotal velocitiesin the

profile for a fixed x station. The second(min) term in the equationfor Udi f is taken aszero for

wakes.Theseequationsavoid thenecessityof finding theouteredgeof theboundarylayer.

Theconstantsin theequationsfor theB-L modelaregivenbelow:

A	 � 26 κ � 0 � 4
Ccp

� 1 � 6 K � 0 � 0168

Ckleb
� 0 � 3 Pr � 0 � 72

Cwk
� 0 � 25 Prt � 0 � 9

(2.18)

b. Spalart-Allmaras Turbulence Model

TheS-A turbulencemodelis suggestedin [45]. Reynolds-averagedNavier-Stokes

equationsanda transportequationaresolved for this turbulencemodel. The formulationfor the

eddyviscosityνt is givenby:

X uiu j
� 2νtSi j Si j o Y ∂Ui

∂xj L ∂U j

∂xi Z
νt

� ν̃ fv1 fv1
� χ3

χ3 	 c3
v1

χ o ν̃
ν

(2.19)
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whereν is themolecularviscosity, ν̃ is theworking variableandobeys the transportequationfor

thismodel:

Dν̃
Dt

� cb1 \ 1 X ft2 ^ S̃ν̃ L 1
σ _ ∇ p �q� ν L ν̃ � ∇ν̃ � L cb2

�
∇ν̃ � 2 `X _ cw1 fw X cb1

κ2 ft2 `/_ ν̃d ` 2 L ft1∆U2

(2.20)

and

S̃ o S L ν̃
κ2 	 d2 fv2 fv2

� 1 X χ
1	 χ fv1

fw � g r 1	 c6
w3

g6 	 c6
w3 s 1e 6

g � r L cw2
�
r6 X r � r o ν̃

S̃κ2d2

(2.21)

S representsthemagnitudeof thevorticity andd is thedistanceto theclosestwall. Theboundary

conditionfor thewall is obtainedby settingν̃ � 0. Thefunctions ft2 and ft1 areexpressedby:

ft2 � ct3 exp
� X ct4χ2 �

ft1 � ct1 gt exp Y)X ct2
ω2

t
∆U2 \ d2 L g2

t d2
t ^ Z

gt o min
�
0 � 1 � ∆U

�
ωt ∆x� (2.22)

wheredt is thedistancefrom thefield point to thetrip, which is on thewall, ωt is thewall vorticity

at the trip, ∆U is thedifferencebetweenthevelocity at thefield point andthevelocity at the trip,

and∆x is thegrid spacingalongthewall at thetrip.

Theconstantsusedfor thismodelare

cb1
� 0 � 1355 cw1

� cb1
�
κ2 L �

1 L cb2 � � σ ct1
� 1 � 0

cb2
� 0 � 622 cw2

� 0 � 3 ct2
� 2 � 0

σ � 2
�
3 cw3

� 2 � 0 ct3
� 1 � 1

κ � 0 � 41 cv1
� 7 � 1 ct4

� 2 � 0
(2.23)

The constantsusedin this turbulencemodel are calibratedfor steadyflows. In

this work, the constantsareassumedto be goodfor unsteadyflows aswell. This is a necessary

assumptionbecausetherearenocalibrationsfor unsteadyflowssofar. Moreimportantly, thecoding

of this turbulencemodelassumesthatthegrid is notchanging,i.e., thegrid is nota functionof time.
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In otherwords,this turbulencemodel,asit is usuallycoded,is calibratedfor steadyflows andis

not changing-gridcompatible.The latter is becausethe contravariantvelocitiesarecoded,in the

turbulencemodelsubroutine,simplyas:

U � ξxu L ξzw and W � ζxu L ζzw (2.24)

For the turbulencemodel to be moving- or deforming-gridcompatible,it mustusethe following

equationfor thecontravariantvelocities:

U � ξt L ξxu L ξzw and W � ζt L ζxu L ζzw (2.25)

The termsξt andζt representchangesin the grid-conformingcoordinateswith time andarenot

relatedto thefact that theflow is unsteady. Theremight bea situationin which theflow is steady

and the grid is changing,suchas in an adaptive grid solution,and thosetime metricsshouldbe

includedin theequationsof theturbulencemodels.

In a personalcommunicationwith Dr. StevenAllmaras[1], heconfirmedthat the

changesmadeto the conservation equations(mass,momentum,energy), to incorporateunsteady

andmoving grids,shouldbe duplicatedfor theS-A model. Anotherissuementionedby Dr. All-

maraswasthetime integration. Most turbulent codes,aswell asthepresentone,usea decoupled

relaxation(or time integration)betweentheconservationequationsandtheturbulencemodel.This

decoupledtime integration introducesa first-ordererror (O(∆t)) into the results. This error can

becomesignificantfor high frequencies.A solution for this problemwould be implementinga

subiterationprocessat eachtimestep.

3. Transition Models

Thetransitionfrom laminarto turbulentflow is ahighly importantissueonflow calculations

becauseit hasa stronginfluenceon thepredictionsof losses,separation,andstall. Transitionalso
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hasa significanteffect on the computedvaluesof wall shearstressesand surfaceheat transfer.

Transitioncriteriausedtodayin CFD codesarebasedmainlyon thework of Gostelow et al. [20].

Transitionmodelsstartwith thepredictionof thetransitiononsetlocationand,then,move

on to the evaluationof the transitionlength. In this work, transitiononsetlocation is predicted

usingMichel’s Criterion[12] andthetransitionlengthis evaluatedbasedon themodelproposedby

Gostelow etal. [20].

a. Michel’s Criterion

This criterionassumesthattransitionis initiatedwhentheReynoldsnumberbased

on themomentumthickness,Reθ, andtheReynoldsnumberbasedon x, Rex, satisfytheequation:

Reθ
� 1 � 174 N 1 L 22� 400

Rextr O Re0t 46
xtr

where Reθ
� Ueθ

�
ν∞ � (2.26)

Equation(2.26) is solved for xtr and this value is usedas xt in the Gostelow et

al. [20] model.

b. Gostelow et al.

Theideabehindthismodelis thattheturbulentviscosityshouldbeweightedby an

intermittency function to provide a smoothtransitionfrom laminarto turbulent flow. This is done

accordingto Eq.(2.27):

µtrans
� γ

�
x� µturb � (2.27)

Theintermittency functionin thetransitionalregion is givenby

γ
�
x� � 1 X exp l X n u x

xt

σ
tanε

N dx
U O u x

xt

tanε dx
n

(2.28)

whereσ is thespotpropagationparameter, ε is thespotspreadinghalf angle,andλθ is thepressure

23



gradientparameterandthey aredescribedby:

ε � 4 L 22� 14
0 � 79 L 2 � 72exp

�
47� 63λθ � � (2.29)

σ � 0 � 03 L 0 � 37
0 � 48 L 3 � 0exp

�
52� 9λθ � � (2.30)

and

λθ
� θ2 � ν

dU
�
dx

(2.31)

whereθ is the boundary-layermomentumthicknessandU is the outer-edgevelocity. The spot

generationrate,n, is inferredfrom thedimensionlessbreakdown-rateparameter, N, where:

n � νN

σλ3
θt

� (2.32)

N � PQQR QQS 0 � 86 � 10M 3 exp
�
2 � 134λθt ln

�
qt �vX 59� 23λθt X 0 � 564ln

�
qt �q�&� for λθt a 0

N
�
λθ

� 0� � exp
� X 10� λθt �&� for λθt b 0

� (2.33)

andwhereqt denotesthefree-streamturbulence.

The spot-propagation-rate and the spot spreadinghalf-angleasymptoticallyap-

proacha maximumvalue for high negative valuesof λθ, but n is allowed to increaseto infinity

for highnegative valuesof λθt , whereλθt is thepressuregradientat thetransitiononsetlocation,xt .

The value of the intermittency parameter, γ
�
x� , is zero for x a xt , and increases

downstreamfrom the transitionpoint, asymptoticallyto a maximumvalueof unity, which corre-

spondsto fully-turbulentflow. Thevalueof xt is usuallygivenby Michel’s criterion.

4. Numerical Technique

TheThin-LayerNavier-Stokes(TLNS) equationsarediscretizedusingan alternatedirec-

tion implicit (ADI), third-orderaccuratein space,second-orderaccuratein time, finite-volume

scheme,whichcanberepresentedby:
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r I L hξ
�
∇ξÂ	i w k L ∆ξÂMi w k � p s ∆Q̂xi w k � X r̂ p

i w kr I L hζ
�
∇ζB̂	i w k L ∆ζB̂Mi w k X ReM 1δζM̂i w k � p s � Q̂p	 1

i w k X Q̂p
i w k � � ∆Q̂xi w k (2.34)

where:

r̂ p
i w k � �

Q̂p
i w k X Q̂n

i w k � L hξ
�
F̂i 	 1e 2w k X F̂i M 1e 2 w k � p

L hζ
�
Ĝi w k	 1e 2 X Ĝi w k M 1e 2 � p X ReM 1hζ

�
Ŝi w k 	 1e 2 X Ŝi w k M 1e 2 � p

(2.35)

The variablesÂ, B̂, andM̂ aretheflux JacobianmatricesandaredefinedasÂ � ∂F̂
�
∂Q̂,

B̂ � ∂Ĝ
�
∂Q̂, andM̂ � ∂Ŝ

�
∂Q̂, respectively. A flux splitting,accordingto StegerandWarming[46],

is appliedto matricesÂ andB̂, whereÂ � Â	 L ÂM andB̂ � B̂	 L B̂M .

Theh quantitiesaredefinedashξ
� ∆τ

�
∆ξ andhζ

� ∆τ
�
∆ζ. ∇, ∆, andδ aretheforward,

backward,andcentraldifferenceoperators,respectively.

ThevariablesF̂i 	 1e 2 w k, Ĝi w k	 1e 2, andŜi w k 	 1e 2 arenumericalfluxes. Thesuperscript
� �y� n de-

notesthephysicaltime stepandthesuperscript
� �y� p is relatedto Newton sub-iterationswithin each

physicaltime step,which areusedto improve time accuracy. Thesesub-iterationsminimize the

linearizationandfactorizationerrorsandhelpdrive theleft-handsideof Eq.(2.34)to zero.

Inviscidnumericalfluxes,F̂i 	 1e 2 w k andĜi w k	 1e 2, areevaluatedby meansof theOsher’s third-

order accurate,upwind-biasedscheme[13]. Linearizationof the left-handside of Eq. (2.34) is

performedby evaluatingthe flux Jacobianmatrices,Â and B̂, with the Steger andWarmingflux-

vectorsplitting [46]. The viscousnumericalflux Ŝi w k 	 1e 2 is computedwith second-ordercentral

differences.Furthermore,a Total VariationDiminishing (TVD) flux limiter suggestedby Rai and

Chakravarthy [39] is appliedto minimize numericaloscillationsat shocksdevelopedat transonic

speeds.Grid movementanddeformationcompatibility is obtainedby usingthemethodologypre-

sentedby TamuraandFugii [47].

25



a. Steger and Warming Flux Vector Splitting

Theflux vectorsF̂
�
Q� andĜ

�
Q� canbesplit into two parts.This is accomplished

by consideringthefact thattheJacobianmatricesassociatedwith thefluxeshave a completesetof

linearindependenteigenvectorsand,then,canbesplit into subvectors.Theequationsfor theflux F̂

aregivenbelow andtheonesfor flux Ĝ aresimilar.

F̂ � ∂F̂

∂Q̂
Q̂ � ÂQ̂ � ΣΛΣ M 1Q̂ � (2.36)

where:

Λ �
z{{{{{{{{{{|

λ1 0 0 0

0 λ2 0 0

0 0 λ3 0

0 0 0 λ4

}�~~~~~~~~~~� �
z{{{{{{{{{{|

u 0 0 0

0 u 0 0

0 0 u L c 0

0 0 0 u X c

}�~~~~~~~~~~� (2.37)

Any eigenvalueλl canbewrittenas:

λl
� λ 	l L λ Ml (2.38)

where:

λ 	l � λl L � λl �
2

and λ Ml � λl X�� λl �
2

(2.39)

Therefore,matrix Λ canbesplit into to otherdiagonalmatrices,

Λ � Λ 	 L Λ M (2.40)

wherethediagonalentriesof Λ 	 andΛ M areλ 	l andλ Ml , respectively.

Finally, applyingEq. (2.40) to Eq. (2.36), the numericalflux F̂ canbe expressed
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as:

F̂ � Σ
�
Λ 	 L Λ M � Σ M 1Q̂

F̂ � �
Â	 L ÂM � Q̂ (2.41)

where:

Â	 � ΣΛ 	 Σ M 1 � ÂM � ΣΛ M Σ M 1 , and Â � Â	 L ÂM (2.42)

b. Osher Upwind Scheme

A detailedexplanationof the Osherschemeis presentedin [13]. Nevertheless,

somecommentsmust be madeto betterexplain the interactionof the Oshermethodwith the

methodologyfor treatingdeforminggrids. In order to facilitate notation,the hatson the fluxes

will bedropped.

For afirst-orderOsherscheme,thenumericalfluxesareupdatedusing:

Qn	 1
i

� Qn
i X ∆τ

∆ξ
l u Qi

Qi � 1

A	 dQ L u Qi d 1

Qi

AM dQ
n

(2.43)

Theintegralsof Eq.(2.43)areevaluatedon thesubpathsshown in Fig. 2.1accord-

ing to:

� Qi
Qi � 1

A	 dQ L � Qi d 1
Qi

AM dQ � F
�
ξ � Qi 	 1 �#X F

�
ξ � Qi �L � Qi � 2� 3

Qi � 1
A	 Y dQ

ds Z 1
ds L � Qi � 1� 3

Qi � 2 � 3 A	 Y dQ
ds Z 2

dsL � Qi
Qi � 1� 3 A	 Y dQ

ds Z 3
ds X � Qi d 1 � 3

Qi
A	 Y dQ

ds Z 4
dsX � Qi d 2� 3

Qi d 1� 3 A	�Y dQ
ds Z 5

ds X � Qi d 1
Qi d 2 � 3 A	�Y dQ

ds Z 6
ds

(2.44)

The point wherethe metricsareevaluatedcanbe chosen.For instance,onecan

define:
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Figure2.1.Pathsof Integrationfor theOsherScheme

F
�
ξ � Q� � F

�
ξi M 1e 2 � Q� whenevaluating

� Qi
Qi � 1

A	 dQ

F
�
ξ � Q� � F

�
ξi 	 1e 2 � Q� whenevaluating

� Qi d 1
Qi

AM dQ

(2.45)

The choiceof the mid-point of the interval, ξi � 1e 2, is quite convenientbecauseit

requiresonly abouthalf of the computationsfor eachtime step. This is possiblebecausesome

termsthatareevaluatedin thecalculationof thenumericalflux, for a particularinterval, areequal

to termsevaluatedfor the previous one. Thus, thesetermsdo not needto be evaluatedagain,

saving computationaltime. This is called telescopicpropertyand is explainedin moredetail in

[13]. Anotherconsequenceof usingmid-pointmetricsis thatit alsoallows thenumericalschemeto

satisfytheconservation in thediscretizedform of theequations,which is oneof the requirements

for amoving grid solution.

For a third-orderaccurateOsherscheme,Eq.(2.43)is changedto:

Qn	 1
i

� X ∆τ l Qp
i M Qn

i
∆τ L F p

i d 1 � 2 M F p
i � 1� 2

∆ξ

n
X ∆τ

2∆ξ \∆F 	 � Qi M 1 � Qi � ξi 	 1e 2 �vX ∆F 	 � Qi M 2 � Qi M 1 � ξi M 1e 2 ��^ pL ∆τ
2∆ξ \∆F M � Qi 	 1 � Qi 	 2 � ξi 	 1e 2 �vX ∆F M � Qi � Qi 	 1 � ξi M 1e 2 ��^ p (2.46)

c. TVD Flux Limiter

TheTVD schemeusedin thepresentwork is basedon [39]. Thefluxes∆F 	 and

∆F M on Eq. (2.46)aremodifiedto achieve theTVD property. Theflux limiters areobtainedwith
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thehelpof anentropy function,definedas:

V
�
Q� � X ρlog

�
p
�
ργ � (2.47)

The ideabehindthis flux limiter is to changethefluxeswhenthegradientof this

entropy functionexceedsacertainlimit, which is whatoccurswhenashockwaveexists.Then,the

gradientof theentropy functiondescribedby Eq.(2.47)canbeexpressedas:

VQ
� ∇QV � X �

γ X 1�
p

l e L p
γ X 1

N X γ X 1 L log
p
ργ O ��X ρu ��X ρv� ρ n T

(2.48)

The modificationof the fluxes is donefor eachsubpath. Defining DV � m�Q as the

changein theentropy functionalonghesubpathm,

DV � m�Q
� �

VQ � i 	 me 3 X �
VQ � i 	 � mM 1�0e 3 � m � 1 � 2 � 3 (2.49)

andthemodifiedfluxes
� ¯∆F 	 � � m� and

� ¯∆F M � � m� aregivenby:

\ ¯∆F 	 � Qi M 1 � Qi � ξ ��^ � m� � \∆F 	 � Qi � Qi 	 1 � ξ ��^ � m� � max\ 0 � min
�
φ � N �

D ��^ (2.50)

where

1 � 0 a φ a 2 � 0
N ��� \ ∆F 	 � Qi M 1 � Qi � ξ ��^ � m� � \DVQ

�
Qi � Qi 	 1 � ξ ��^ � m� b

D ��� \ ∆F 	 � Qi � Qi 	 1 � ξ ��^ � m� � \DVQ
�
Qi � Qi 	 1 � ξ ��^ � m� b (2.51)

and

\ ¯∆F M � Qi � Qi 	 1 � ξ ��^ � m� � \∆F M � Qi M 1 � Qi � ξ ��^ � m� � max\ 0 � min
�
φ � N �

D ��^ (2.52)

where

1 � 0 a φ a 2 � 0
N ��� \ ∆F M � Qi � Qi 	 1 � ξ ��^ � m� � \DVQ

�
Qi M 1 � Qi � ξ ��^ � m� b

D ��� \ ∆F M � Qi M 1 � Qi � ξ ��^ � m� � \DVQ
�
Qi M 1 � Qi � ξ ��^ � m� b (2.53)

ThevariablesN andD representtheinnerproductof thevectorscontainedwithin thesymbols� b .
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d. Deforming-Grid Compatibility

The N-S equationsrepresentedby Eq. (2.8) arecompatiblewith deforming-and

moving-gridproblems,asshown in AppendixA. Theoretically, theN-Sequationscanhandleprob-

lemsin which bothξt andζt aredifferentfrom zero.Computationally, thenumericalschememust

beconservative bothin timeandspacein orderto guaranteedeforming-gridcompatibility.

Thomasand Lombard[49] suggestthe useof the GeometricConservation Law

(GCL) for solvingproblemsinvolving achangingor deforminggrid. As shown in AppendixA, the

GCL is analyticallysatisfiedby theunsteadyN-Sequationswrittenin generalizedcoordinatesform.

Nonetheless,in orderto satisfytheGCL numerically, themetricsassociatedwith computationsof

thenumericalfluxesmustbecalculatedusinga conservative scheme.They suggestthe following

conservative schemefor the3-D metrics:

ξ̂x
� �

yηz� ζ X �
yζz� η η̂x

� �
yζz� ξ X �

yξz� ζ
ζ̂x

� �
yξz� η X �

yηz� ξ etc � (2.54)

For 2-D metrics,Eq. (2.54) is reducedto the form presentedin Eq. (2.7) andthe

schemeis automaticallyconservative in space.Therefore,thenumericalschemeusedin thepresent

work is conservative in space.ThomasandLombard[49] alsosuggesttheinclusionof anextraterm

in thediscretizedequationsto achieve moving-grid compatibility. Accordingto their approach,the

Osherschemepresentedin sectionb wouldbecome:

r IJ M 1 L hξ
�
∇ξÃ	i w k L ∆ξÃMi w k � p s ∆Qxi w k � X r p

i w kr IJ M 1 L hζ
�
∇ζB̃	i w k L ∆ζB̃Mi w k X ReM 1δζM̃i w k � p s � Qp	 1

i w k X Qp
i w k � � IJ M 1∆Qxi w k (2.55)
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where:

r p
i w k � J M 1 � Qp

i w k X Qn
i w k � L ∆

�
J M 1 � Qn

i w k L hξ
�
F̂i 	 1e 2 w k X F̂i M 1e 2 w k � p

L hζ
�
Ĝi w k	 1e 2 X Ĝi w k M 1e 2 � p X ReM 1hζ

�
Ŝi w k 	 1e 2 X Ŝi w k M 1e 2 � p

(2.56)

Now, the
� �̃�� termsrepresentJacobianswith respectto Q, or ∂

� �y� � ∂Q, insteadof Q̂ andthe term

∆
�
J M 1 � is obtainedby theGCL (seeAppendixB):

∆
�
J M 1 � � X ∆τ \ � ξ̂t � nξ L �

ζ̂t � nζ ^ (2.57)

Oneof thedifferencesbetweenEq.(2.55)andEq.(2.34)is thewaythey aresolved.

The former solves for Q while the latter solves for Q̂. The other differenceis the extra term

∆
�
J M 1 � Qn

i w k in the RHS of Eq. (2.55). The presenceof this term is due merely to the fact that

oneof theequationsis solvedfor Q while theotheris solvedfor Q̂. This canbeseenby expanding

theterm∂Q̂
�
∂τ:

∂Q̂
∂τ

� ∂
�
J M 1Q�
∂τ

� Q
∂
�
J M 1 �
∂τ L �

J M 1 � ∂Q
∂τ

(2.58)

Writing Eq.(2.58)in discreteform:

∆Q̂
∆τ

� Q
∆
�
J M 1 �
∆τ L �

J M 1 � ∆Q
∆τ

(2.59)

Multiplying Eq. (2.59)by ∆τ andusingafinite differenceapproximation:

Q̂p
i w k X Q̂n

i w k � Qn∆
�
J M 1 � L �

J M 1 � n � Qp
i w k X Qn

i w k � (2.60)

SubstitutingEq.(2.60)into Eq.(2.35),oneobtainsEq.(2.56),which is themethod

basedontheGCL suggestedby ThomasandLombard[49]. Therefore,Eq.(2.34)is mathematically

equivalentto Eq. (2.55). In orderfor themto benumericallyequivalent,accordingto thework of

TamuraandFujii [47], theschememustalsobe conservative in time. This featureis achieved by

carefullychoosingtheJacobianto beusedin Eq. (2.35).They suggestusing:
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Figure2.2.Schematicof theSpring/Mass/DamperSystem

�
J M 1 � � � 1

2
_ � J M 1 � n L �

J M 1 � n	 1 ` (2.61)

B. STRUCTURAL DYNAMICS

Structuraldynamicsmodelingis basedon a two-degree-of-freedomspring/mass/damper

system,shown in Fig. 2.2,to simulatethebendingandtwisting of awing section.

1. Governing Equations

Theequationsgoverninga two-degree-of-freedommotionof structureare:

mḧ X Sαα̈ L Dhḣ L mω2
hh � LX Sαḧ L Iαα̈ L Dαα̇ L Iαω2

α
�
α X α0 � � M

(2.62)

wherethedotsrepresentdifferentiationwith respectto time.

Equations(2.62)arenondimensionalizedusingreferencelength c̃, referencevelocity ã∞,
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referencemassρ̃∞π
�
c̃
�
2� 2, andreferenceinertiaρ̃∞π

�
c̃
�
2� 2c̃2. Rewriting Eq.(2.62)in matrixnota-

tion:

\M ^(� X � � � L]\D ^(� X � � L]\K ^(� X � � � F � (2.63)

where:

\M ^ � z{{|
m X SαX Sα Iα

}�~~� \D ^ � z{{|
2δhmM∞kh 0

0 2δαIαM∞kα

}�~~�
� K � � z{{|

mM2
∞k2

h 0

0 IαM2
∞k2

α

}�~~� � X � � PQQR QQS h

α X α0

TUQQVQQW
(2.64)

and

� F � � 2
π

M2
∞

PQQR QQS cL

cm

TUQQVQQW (2.65)

wheretheprimesdenotedifferentiationwith respectto dimensionlesstime,τ � t̃ ã∞
�
c̃, andtheother

parameters(i.e.,m, Iα, etc.)arenow nondimensional.

2. Numerical Technique

Equation(2.63)is a systemof two, coupled,second-order, ordinarydifferentialequations.

Couplingis obtainedthroughthe termscontainingSα andthe dependenceof cL andcm on h and

α. The systemis nonlinearthroughthe nonlinearityof cL andcm. Linearizationis introducedby

treatingcL andcm asconstants,computedfrom theprevioustime-stepof theflow solution.

Simulationswith single-degree-of-freedom maybeperformedby settingSα
� 0 andeither

m � ∞ andωh
� 0 or Iα

� ∞ andωα
� 0 for pitching-onlyor plunging-onlymotions,respectively.

33



Equation(2.63)is advancedin time by solving for thesecondderivative of thedependent

variableX:

� X � � � � \M ^�M 1 � F ��X \M ^�M 1 \K ^(� X ��X \M ^�M 1 \D ^(� X � � (2.66)

Rewriting theresultasasystemof two, coupled,first-orderequations:

PQQR QQS � X � � � � Y �� Y ��� � \M ^ M 1 � F �[X \M ^ M 1 \K ^(� X �[X \M ^ M 1 \D ^(� Y � (2.67)

Finally, time integration is performedusing a first-orderaccurateexplicit Euler scheme.

The useof higher order methodsdoesnot improve the quality of the solution becausethe time

stepsrequiredfor thestability of theunsteadyN-S equationsyield very high resolutionin time for

Eq.(2.63).
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III. BOUNDARY CONDITIONS AND MULTI-BLOCK

PROCESSING

This chapterexaminessomebackgroundnecessaryfor solving the problemsinvestigated

in this dissertation. It is presentedas a separatechapterbecausesomeof the material is quite

specificfor the layout of the grids usedthroughoutthis investigation. Furthermore,this chapter

containsan importantdiscussionaboutall the boundaryconditionsnecessaryfor the multi-block

grid computations.This chapteralso includesinformation that is essentialin order to apply the

theorydiscussedin ChapterII.

A. THREE-BLOCK GRID

Modelingof thewind tunnelgeometryrequiresa meshthat is very long in thestreamwise

direction,comparedto its height. Accuratecomputationof theboundarylayer is mosteasilyper-

formedonaC-grid. However, constructionof asingle-block,C-gridwouldrequireahighly skewed

grid andanexcessivenumberof grid pointsin regionsfarfrom theairfoil. Furthermore,maintaining

grid orthogonalitycloseto thewallsusingasingle-blockgrid wouldbeimpossible.Theseproblems

canbeminimizedby usingathree-blockgrid, shown schematicallyin Fig.3.1,wherethegoverning

equationsaresolvedin eachblock,separately.

A similar situationoccurswith respectto the airfoil-in-ground-effect computations.Be-

causethegroundplaneis closeto theairfoil section,theuseof asingle-block,C-gridwould require

a very skewedmeshin theverticaldirection. Onceagain,a three-blockgrid approachcanbeused

insteadof asingle-blockgrid, asshown in theschematicin Fig. 3.2.
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Figure3.1. Schematicof theThree-BlockGrid for theFlutterProblem

Thetwo problemsof thisdissertationrequiretwo differentlayoutsfor thethree-blockgrids.

Thetransonicflutterproblemasksfor thelayoutpresentedin Fig.3.1.Theblocksareplacedin line.

Thefirst, or block (1), is placedaroundtheairfoil. Thesecond,or block (2), discretizestheregion

upstreamof thefirst block andthe third, or block (3), completesthedownstreamdomain.For the

airfoil in groundeffect,thelayoutusedis shown in Fig.3.2.Themainblock,or block(1), represents

theregion aroundtheairfoil andalsothewake behindit. Thesecond,or block (2), fills theregion

upstreamof thefirst one.Thethird, or block (3), completesthedomainabove thefirst two blocks.

In bothproblems,solvingtheN-Sequationsin all threeblocksis notnecessary. Blocks(2)

and(3) arealwayscoarseenoughto allow theuseof Eulerequations.Therefore,N-Sequationsare

solvedonly in block (1) for bothproblems.
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Figure3.2. Schematicof theThree-BlockGrid for theAirfoil-in-Ground-Effect Problem

B. BOUNDARY CONDITIONS

This sectiondescribestheboundaryconditionsusedfor thetwo differentproblemssolved

in the presentwork. The boundarycondition for the surfaceof the airfoil is the samefor both

problemsand is describednext. The boundaryconditionsthat arespecificfor eachproblemare

describedin thesectionsassociatedwith eachproblem.

For inviscidflow solutions,theviscoustermsontheRHSof Eq.(2.1)aresetto zero,andthe

flow-tangency boundaryconditionis usedat thesurfaceof theairfoil. For Navier-Stokessolutions,

theno-slipconditionis applied.Densityandpressureareextrapolatedto thesurfacefor bothEuler

andNavier-Stokessolutions.

For unsteadymotions, the flow-tangency and no-slip conditionsare modified to include

the local motion of the airfoil, which alsocontributesto the pressureon the surface. Therefore,

themomentumequationnormalto thesurface(ζ direction)is solved to predictthepressurefor a
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viscousflow moreaccurately

∂ζp � wall
� X 1

∇2ζ

z{{|
ρ∂t

PQQR QQS ẋ � wall

ẏ � wall

TUQQVQQW p ∇ζ L ∂ζρ � wall ∇ξ p ∇ζ

}�~~� (3.1)

whereẋ � wall and ẏ � wall arethecomponentsof theairfoil velocity. Furthermore,∇ξ p ∇ζ � 0 when

assumingthat thegrid is orthogonalat thesurface. If theairfoil is stationary, thenormalpressure

gradientvanishesin agreementwith boundary-layertheory.

1. Wind-Tunnel Problem

The flow at thewind tunnelsectionsblocks(2) and(3) is assumedto be inviscid andthe

Euler equationsare solved in thesedomains. The tunnel walls are assumedto be porous,and

two typesof porouswall boundaryconditionsareapplied.First, theporousboundaryconditionis

appliedaccordingto theformulationpresentedby Mokry et al. [35] (Chapter2.0WALL BOUND-

ARY CONDITION).Pressure,density, andx-directionvelocity, u, areextrapolatedfrom theinterior

pointsof thegrid. Thez-directionvelocity, w, is obtainedaccordingto Eq. (3.2)

w
U∞

� σ
p X pplenum

ρ∞U2
∞

(3.2)

whereσ is theporosityparameterof thewall andpplenumis thepressureat theplenumchamber. For

σ � 0, for example,thisboundaryconditionis thesameastheflow tangency conditionandthewall

is treatedasbeingcompletelysolid.

Theporous-wall boundaryconditioncanbefurthermodifiedto accountfor viscouseffects

presentat this regionof thewallsasfollows. Thetangentialvelocityat thewall is setequalto zero,

u � 0, andthenormalvelocity, w, is still obtainedaccordingto Eq. (3.2). In this work, this model

is denotedastheporous,viscousboundarycondition.

Thistreatmentfor theporous-wall boundaryconditionisquitedifferentfromtheoneadopted

in theprevious work [11]. In that study, theporousboundarywasmodeledby treatingsomegrid
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Figure3.3. BoundaryConditionsfor theFlutterProblem

cells as solid walls (applying flow tangency) and the othersas holes(extrapolatingthe velocity

vector from the interior points). For the previous approach,the grid neededto be approximately

uniformly spacedat the porousregion. Furthermore,only certaindiscretechoicesin the porosity

were allowed. Valuesof porosity, suchas 17%, were quite difficult to apply due to the limited

numberof grid cells along the porousregion of the walls. The new model is not dependenton

thestreamwisegrid spacingat thewalls andalsoallows for a continuousvariationon theporosity

parameter.

Inflow andoutflow boundaryconditionsareimposedin blocks(2) and(3), respectively. For

theinflow boundary, flow propertiessuchaspressure,temperature,andvelocityarespecifiedwhile

thedensityis extrapolatedfrom theneighborinteriorpoints.Staticpressureis specifiedfor theout-

flow boundaryconditionandall otherpropertiesareextrapolatedfrom theinterior. Extrapolations

in bothcasesareperformedby usingRiemanninvariants.

Theboundarieson theleft of domain(1) andright of domain(2) areupdatedby meansof

an overlappingregion, asshown in Fig. 3.3. Thereis an overlappingbetweenthe blocksandthe

flow variablesaretransferreddirectly from onedomainto theother. Theboundaryconditionsat the

right of domain(1) areupdatedvia linearextrapolationfrom domain(3) andvice-versa.
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2. Airfoil in Ground Effect

Theflow at thegrid blocks(2) and(3) is assumedto beinviscidandtheEulerequationsare

solvedin thesedomains.Thegroundplaneis assumedto beasymmetryplane.Therefore,it canbe

modeledasasolid wall wherethesymmetryboundaryconditionis givenby Eq.(3.3).l ∂q
∂n

n
wall

� 0 (3.3)

wheren representsthenormaldirectionat thewall.

Thetypesof boundaryconditionsusedfor all boundariesof thethree-blockgrid areshown

in Fig. 3.4. Inflow boundaryconditionsareappliedto thepointsontheleft boundariesof blocks(2)

and(3) andalsoto theupperboundaryof block (3). Outflow boundaryconditionsarespecifiedto

thepointson theright boundaryof blocks(1) and(3).

The boundarieson the left of domain(1) andright of domain(2) areupdatedby means

of anoverlappingregion, asshown in Fig. 3.4. Thereis anoverlappingof theblocksandtheflow

variablesaretransferreddirectlyfrom onedomainto theother. Thesametypeof boundarycondition

is usedbetweenblocks(1) and(3), andbetween(2) and(3). Becauseof theoverlappingregions,

directtransferof theflow variables(ρ,ρu,ρw,e) canbeused.

3. Trailing Edge Boundary Condition

The trailing edge(TE) boundarycondition is a crucial issuein both steady-stateandun-

steadycomputations.A schematicof a C-grid nearthetrailing edgeis shown in Fig. 3.5. Thecut

is theregion of thecomputationaldomaincorrespondingto pointsfor which
�
1 a i a i l � k � 1� and�

iu a i a imax� k � 1� . Thesepointsarecoincidentin thephysicaldomain.Thetrailing edgepoint

in thephysicaldomaincorrespondsto thepoints
�
i � i l � and

�
i � iu � in thecomputationaldomain.

Thepointsalongthecut, includingthetrailing edge,areshown separatedin Fig. 3.5 just for clarity.
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Figure3.4. BoundaryConditionsfor theAirfoil-in-Ground-Effect Problem
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Figure3.5. Schematicof a C-GridneartheTrailing Edge
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The boundaryconditionat the cut of a C-grid canbe doneeitherexplicitly or implicitly.

In the presentmethod,this boundaryconditionis computedexplicitly, after the flow tangency or

the no-slip conditionis appliedto the surfaceof the airfoil. The flow variablesat the cut, k � 1,

arecalculatedby averagingtheupperandlower neighboringpointsfor k � 2. Someoptionsexist

whenonemustdecidehow to implementtheexplicit boundaryconditionat thetrailing edge.Three

possibilitiesfor this implementationexist:§ usetheaveragedvaluefrom pointsat
�
iu � 2� and

�
i l � 2� ;§ treatthetrailing edgeastwo differentpoints(noaveraging);§ usetheaveragedvaluefrom pointsat

�
iu � 1� and

�
i l � 1� .

Thefirst optionis themostobviousbecauseit is justanextensionof theboundarycondition

appliedat the cut of the C-grid. However, the first option is not the mostsuitableonebecauseit

doesnot enforcethe no-slip or the flow-tangency conditionat the trailing edge. Theseboundary

conditionsareoverwrittenwhencomputingthe averageof the off-surfacepoints(k � 2). In this

work, the secondalternative is calledthe “free TE boundarycondition.” The no-slip or the flow-

tangency conditionis appliedto theTE. However, becausetheTE is treatedastwo differentpoints

in thecomputationaldomain,adiscontinuitymayoccurat theTE sincethetwo pointsarethesame

in thephysicaldomain.Thelastoption,calledaveragedTE, appearsto bethemostconsistentone

for thepresentwork because,in termsof discretizationof thephysicaldomain,thepointsof thecut

correspondingto theTE arethesame.Furthermore,it is guaranteedthattheno-slipconditionor the

flow-tangency conditionis maintainedat theTE sincetheseconditionsareappliedfor k � 1 before

averaging.

Theinfluenceof applyingthefreeor theaveragedTE is investigated.A singleNACA 0012

airfoil oscillatingin a combinedpitch andplungemotionis usedto determinethedifferencein the
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Figure3.6.Grid aroundtheNACA 0012Airfoil

solutionsfor both TE conditions. The reducedfrequency of the motion is set to k � 1 � 0 andthe

pitch andplungehalf amplitudesareα̂ � 10 degreesandĥ � 1 � 0, respectively. Pitch leadsplunge

by φ � 90 degrees.Thepivot point for thepitch motionis chosento bethehalf chordor xp
� 0 � 5.

Thefree-streamMachandReynoldsnumbersareM∞
� 0 � 3 andRe∞

� 106, respectively. TheB-L

turbulencemodelis appliedfor thefully turbulentcomputations.TheC-grid is presentedin Fig.3.6

andits dimensionsareimax
� 281andkmax

� 81.

Thenon-dimensionalequationsof motionaregivenby:

h � ĥsin
�
M∞kτ � α � α̂sin

�
M∞kτ L φ � (3.4)

Steady-statecomputationsareperformedfor α � 0 degrees,employing both theaveraged

and free TE boundaryconditions. The pressuredistributions over the surfaceof the airfoil are

presentedin Fig. 3.7. Thematchis extremelygoodfor thetwo solutions.However, no conclusion
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Figure3.7. Steady-StateSolutionsfor AveragedandFreeTE

is drawn from thesteady-statecasebecausetheflow is symmetric,andthis might bethereasonfor

theexcellentmatch.

The motion parametersfor the oscillation of the airfoil have beenchosenbecausethey

force a relatively high inducedangleof attack, therefore,allowing dynamicstall to occur. The

time history of the aerodynamiccoefficients is presentedin Fig. 3.8 for both typesof boundary

conditions.Clearly, thesolutionis notperiodic.For thesametypeof boundarycondition,thecurve

for thelift coefficients,for example,doesnotbehave periodically.

Thepressuredistributionsfor variouspositionsalongthecycle areshown in Fig. 3.9. The

left-handsideof this figurecorrespondsto positionsalongtheup stroke andtheright-handsideto

thedown stroke. Althoughsomepressuredistributionsarenot in closeagreementfor the two TE

conditions,the developmentof the dynamicstall is not dramaticallydifferent. In order to better

clarify this point, entropy contoursduring theupstroke partof themotionof theairfoil areshown
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in Fig. 3.10. The vorticesgeneratedduring the motion arewell captured.The left-handsideof

Fig. 3.10representstheaveragedTE boundarycondition.ThefreeTE boundaryconditionis repre-

sentedon theright-handside.Althoughthevorticesdo notmatchperfectlyfor thetwo typesof TE

boundarycondition,their sizesarecomparableandthespeedwith which they convectdownstream

is approximatelythesame.Note,also,thattheflow is notperiodic.Thiscanbeseenin Fig. 3.11in

which thevariationof thedragcoefficient is shown againstthelift coefficient. Clearly, thesolution

is not periodic.However, it staysinsidea confinedareaalthoughit wandersfrom placeto placein

thatarea.Thisbehavior is representedin theChaosTheoryby theTorusAttractor, which is defined,

for example,by Petree[38]. This attractorappearsto be thesamefor both typesof TE boundary

condition. Furthermore,a computationof the thrustcoefficient andpropulsive efficiency showed

that theseparametersarevirtually thesamefor bothTE conditions(cT
� 0 � 40 andη � 0 � 21). As

a conclusionfrom this case,the typeof TE boundaryconditionis apparentlynot influentialwhen

oneis interestedin quantitiesthatrepresentanaveragealongthecycle. On theotherhand,thefine

detailsof theflow-field, asthedevelopmentof thedynamicstall, arestronglyaffectedby thetype

of boundaryconditionat thetrailing edge.

A casewith no dynamicstall was also run to evaluatethe TE boundarycondition. A

NACA 0014 airfoil oscillating in pure plungeis computed. The reducedfrequency of the mo-

tion is k � 0 � 4 with a half amplitudeof ĥ � 0 � 4. Thefree-streamMachandReynoldsnumbersare

M � 0 � 3 andRe � 106, respectively. The flow is assumedfully turbulent andthe B-L turbulence

modelis used.Thedomainis discretizedby a321 � 91 C-gridshown in Fig. 3.12.

When steady-statecomputationsare performed,they deliver the samesolution for both

typesof TE boundarycondition. This is similar to theNACA 0012airfoil case.Unsteadysimula-

tionsarealsocomputedfor thetwo typesof TE boundarycondition.Thehistoryof theunsteadylift

anddragaerodynamiccoefficientsis presentedin Fig. 3.13. Theagreementbetweenthesolutions
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Figure3.12.Grid aroundtheNACA 0014Airfoil
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for thetwo differentboundaryconditionsis quitegood.Thethrustcoefficient is cT ® 0 ¯ 041andthe

propulsive efficiency is η ® 0 ¯ 73 for bothcases.Therefore,in situationswherethereis no dynamic

stall, thedifferenceof applyinganaveragedTE or a freeTE boundaryconditionis negligible.

Althoughdynamicstallwascomputedsomewhatdifferentlyfor thetwo typesof TE bound-

ary condition,theeffect on thepredictedthrustcoefficient, thepropulsive efficiency, andthecon-

vectionspeedof thedynamicvorticeswasminimal. Therefore,theaveragedTE boundarycondition

is usedthroughoutthecourseof thiswork.

Anotherimportantcomputationwith theaveragedTE boundaryconditionwasperformedto

assesstheinfluenceof this boundaryconditionon thedynamic-stallboundarysuggestedby Tuncer

et al. [53]. They computedtheunsteadyflow over a NACA 0012airfoil oscillatingin pureplunge
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andvaried the reducedfrequency andthe amplitudeof the motion to determinethe onsetof dy-

namicstall. Theircomputations,usingafreeTE boundarycondition,showedthatthedynamic-stall

boundaryis givenby theequation:

ĥk ® 0 ¯ 35 (3.5)

Two computationswith k ® 1 ¯ 0 wereperformedfor ĥ ® 0 ¯ 3 and ĥ ® 0 ¯ 4. The first, cor-

respondingto ĥk ® 0 ¯ 3, predictedno separationof the flow, in agreementwith the dynamicstall

boundarygiven by Eq. 3.5. The second,correspondingto ĥk ® 0 ¯ 4, calculateda separatedflow

duringthemotionof theairfoil, confirmingthat theaveragedTE boundaryconditionalsodelivers

thedynamic-stallboundarydescribedby Eq.3.5.

A secondsetof computationswasperformedfor theaveragedTE boundaryconditionbut,

this time, for the NACA 0014airfoil. The objective wasto determinethe influenceof the shape

of the airfoil on the dynamic-stallboundaryrepresentedby Eq. 3.5. The reducedfrequency was

kept equalto k ® 1 ¯ 0 while theamplitudeof thepureplungemotion, ĥ, wasvaried. For ĥ ® 0 ¯ 4,

no separationof the flow was predicted,suggestingthat the dynamic-stallboundarymight have

changedfor theNACA 0014airfoil. A computationwith ĥ ® 0 ¯ 5 showedthattheflow wasdetached

from theairfoil surface.Thesecomputationsareshown schematicallyin Fig. 3.14,alongwith the

dynamic-stallboundaryof Eq. 3.5. Therefore,clearly, the shapeof the airfoil hasa significant

influenceon theonsetof dynamicstall. For theNACA 0014,thedynamic-stallboundaryshouldbe

furtherinvestigatedandit appearsthatit will begivenby:

ĥk Á 0 ¯ 4 (3.6)
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Figure3.14.Dynamic-StallBoundaryfor theNACA 0012Airfoil

C. GRID MOTION

Oneof theproblemsconsideredin this dissertationis thenumericalpredictionof theflow

aroundanoscillatingairfoil insideawind tunnel.Thisproblemrequirestheuseof deforminggrids;

however, problemsarisewhenadjustingthegrid, which accountsfor themotionof theairfoil. The

wind tunnelwalls arefixed at all timeswhile the airfoil is moving. Therefore,the grid mustbe

deformedwithin every timestepin orderto adjustto therelative movementbetweentheairfoil and

thewalls.

The requireddeformationof thegrid is obtainedby dividing the whole domainof the C-

typegrid aroundtheairfoil block(1) into four regions.Theseregionsaredistributedalongthemain

blockasshown in Fig.3.15.Thefirst region is calledAp andcorrespondsto theportionof theblock

that is closeto thesurfaceof theairfoil andthat is usedto capturetheviscousflow effects. In this

region, the meshdoesnot deformbut simply rotatesandtranslatesasa solid body, following the
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samerotationandtranslationof theairfoil. Thismeansthatnogeometricchangeof thegrid cellsin

theregionAp occurs.Anotherregion,denotedC, is theonecloseto thewind tunnelwallsandto the

blocks(2) and(3) overlappingsections.This region alsoremainsfixedat all timesand,therefore,

thegrid pointsdo not changein time for anobserver sittingon thewind tunnelwalls.

The region Aw correspondsto the “wake” following region Ap. TheAw is adjustedto the

movementof theairfoil. Theadjustmentis doneusinganalgebraicgrid generatorthatredistributes

the grid points. Linear interpolationfor the grid pointsalonga constantζ line is applied. This

proceduretakesinto accountthat thedisplacementof a grid point in the region Aw is proportional

to the relative displacementof thecorrespondingpoints(sameζ coordinate)in regionsAp andC.

Finally, while the relative locationof regionsAw andAp with respectto the tunnelwalls changes,

region B (wherethegrid deformationis the largest)is adjustedto provide a smoothgrid between

regionsA andC. This adjustment,again,is accomplishedby thealgebraicgrid generator, but now

linearinterpolationis performedalongconstantξ lines.

The sameapproachis appliedfor block (1) of the airfoil-in-ground-effect configuration.

Blocks(2) and(3) stayfixedthroughouttheunsteadycomputationsandblock (1) mustbeadjusted

to therelative movementbetweentheairfoil andthegroundplane.This adjustmentis doneexactly

asdescribedfor thewind-tunnelcase.
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Figure3.15.Schematicof theRegionsfor Grid Motion

D. PARALLEL PROCESSING

Thestrategy of dividing thedomaininto blocksalsohastheadvantageof allowing theuse

of parallelprocessing.Eachoneof thethreeblocksis solvedin a separatecomputeranddatafrom

thegrid pointslocatedon thecommonboundariesareexchanged.

Datarelatedto theboundariesof eachblock mustbetransferredto theneighboringblocks

to beusedasboundaryconditions.Dataaretransferredby astandardlibrary calledMessagePassing

Interface(MPI). The standardlibrary usedin the presentwork is the Local AccessMultimachine

(MPI/LAM) from theUniversityof NotreDame.

The parallelversionof theNavier-Stokessolver usedin the presentwork is basedon the

codevalidatedandusedby several otherresearchers(for instance:EkaterinarisandMenter[16],

EkaterinarisandPlatzer[17], SanzandPlatzer[43], andTuncerandPlatzer[51]). Then,subroutines

dedicatedonly for datapassingbetweenneighboringblockswereaddedto thepreviousversionof

thecodeto make it parallelprocessingcapable.
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Theblocksaredefinedduring thegrid-generationphase.They do not needto beof equal

dimensions.Actually, becauseN-Sequationsaresolvedin block(1) andEulerequationsaresolved

in blocks(2) and(3), the first block tendsto be larger thanthe other two. This characteristicof

theparallelcodeallows theuseof differentmachinesto composethecluster. For example,block

(2) is usuallythesmallestone. If block (1) is an N-S block with 300x100pointsandblock (2) is

60x50,theformeris 10 timeslarger thanthelatter. Therefore,onecanusea machinemuchslower

to computeblock (2) asthemachineusedfor block (1).

A taskperformedin thepresentwork wasevaluatingtheability of theparallelversionof

the solver to reducethe computationaltime requiredfor convergenceof a particularproblem. A

simulationfor an NLR 7301 airfoil inside a solid-wall wind tunnel was run and a reductionof

approximately10%in thetime requiredto achieve 5,000iterationswasfound. Notethatthethree-

block grid usedin this casewasnot favorablefor asubstantialreductionin thecomputationaltime,

sincethe size of the first block correspondedto approximately85% of the total numberof grid

cells.Furthermore,thin layerNavier-Stokesequationsweresolvedin it while Eulerequationswere

solved in theothertwo blocks. Consequently, a 10%reductionin thecomputationaltime is quite

satisfactory for this particularcaseanddemonstratesthe feasibility of the parallelversionof the

code.Thepressuredistribution obtainedwith theparallelcodefor a steady-stateproblemis shown

in Fig. 3.16. This caseis a NLR 7301airfoil insidea wind tunnelwith solid walls. It canbeseen

thattheparallelsolutionmatchesthesingleprocessorsolutionwell.

An unsteadycasewasalsorunin orderto checktheparallelversionof thecode.Theresults

of unsteadycomputationsfor aporouswind tunnelwall caseareshown in Fig.3.17.Theagreement

betweentheparallelandsingleprocessorsolutionsis alsovery good.

For the parallelversionof the code,the threeblocksaresolved simultaneously, eachone

in a differentnodeof thePCcluster. Thevaluesof theflow variablesat theboundariesarealways
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exchangedamongthe nodesbefore thebeginning of eachiteration,for all blocks. Therefore,the

exchangedboundaryconditionsareall at thesamecomputationaltime. On theotherhand,for the

singleprocessorsolution,theblocksaresolvedsequentially. Theboundaryconditionsfor block(2),

for example,aretransferredfrom block (1) after its solutionis advancedonetimestep.Thismeans

that the boundaryconditionsarenot exactly at the samecomputationaltime. Despitethis subtle

differencein thewaythetwo codeswork, they yieldedvirtually thesamesolution.Thisshows that,

for a reasonablysmalltime step,whethertheboundaryconditionsareexchangedat theexactsame

computationaltimeor not is not influential.
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IV. VALIDATION OF THE MODELS

A. DEFORMING GRIDS

Theproblemsstudiedin this work needa solver thatcanhandledeforminggrids. Thefirst

questionthat naturally comesto mind is how this methodologyhandlesconstantchangesin the

coordinatesof thegrid points. In orderto answerthis question,two testsaredesigned.They entail

a subsonicanda transonicflow, respectively. Both testsshow that thepresentmethodcanperform

computationswith deforminggridswith anegligible deviation of thesolution.

Thenext two subsectionsexplain in detailhow thesetwo testsareperformedandtheresults

obtainedin eachtestareshown.

1. Subsonic Flow Test

This test is designedto demonstratethe ability of this methodto performunsteadycom-

putationswith a deforminggrid for subsonicflow. Theproblemis thepureplungeoscillationof a

NACA 0014airfoil. Theairfoil is moving with afree-streamMachnumberM∞ ® 0 ¯ 3 andareduced

frequency k ® 0 ¯ 5. Thehalf amplitudeof theplungemotionis 0 ¯ 4c.

First,anunsteadyinviscid solutionis performedusingasinglegrid aroundtheairfoil. This

grid movesalongwith theairfoil asa solid body. Therefore,thegrid is moving but not deforming.

The grid usedfor the computationsis a C-grid with 281 points in the ξ directionand51 in the ζ

direction.Thesingle-blockgrid is shown in Fig. 4.1.

Second,anothersolutionis computedusinga four-block grid. Themainblock is a C-grid

thatcontainstheairfoil. Thesecondblock is anH-grid placedjustupstreamof themainblock. The
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Figure4.1.Close-Upof theSingle-BlockGrid aroundtheAirfoil

third block is placedright on top of thefirst two. The fourth block is a mirror imageof the third

with respectto thechordplaneof theairfoil. This grid is shown in Fig. 4.2. Blockstwo, three,and

four stayfixedatall times.Theonly block allowedto deform,in orderto accommodatethemotion

of the airfoil, is the main one. The outerboundaryof this block staysfixed in orderto exchange

boundaryconditionswith theotherblocks.

Thecomparisonof thetwo solutionsis shown in Fig. 4.3.Thesolutionfor thesingle-block

grid is representedby thedashedlineandthesolutionfor thefour-blockgridcorrespondsto thesolid

line. Despitea very large deformationof thefirst block in the four-block solution,theagreement

with thesingle-blocksolutionis quite reasonable.Themaximumdeviationsfor the lift, drag,and

momentcoefficientsarearound2.1%,3.5%,and2.7%,respectively.

The upperandlower boundariesof the first block for the four-block grid wereplacedat

h ® 0 ¯ 7 andh ®Ò° 0 ¯ 7, respectively. Thehighestandlowestpositionsfor theairfoil correspondto
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Figure4.2. Portionof theFour-Block Grid aroundtheAirfoil

h ® 0 ¯ 4 andh ®Ó° 0 ¯ 4, respectively. Thismeansthatthedeformationof thefirst block is quitelarge.

To betterillustratethis point, the four-block grid with theairfoil in its lowestposition(h ®Ô° 0 ¯ 4)

is shown in Fig. 4.4. A steady-statesolutionfor theairfoil at h ®Ò° 0 ¯ 4 is evaluatedandcompared

to a similar computationfor h ® 0 (undeformedgrid) in Fig. 4.5. Thesolver is not ableto predict

a symmetricsolution for h ®Õ° 0 ¯ 4, as it is for h ® 0, due to the large deformationof the grid.

This deviation of the steady-statesolution for h ®Õ° 0 ¯ 4 may explain the differencebetweenthe

single-blockandthefour-block solutionsfor theunsteadyproblem.

Despitethe large deformationof thegrid, this methodwasableto keepthedifferencebe-

tweenthesingle-blockandthefour-block solutionslower than4%. It is importantto notethat the

four-block grid usedhereis just an extensionof the three-blockgrid usedto solve the airfoil-in-

ground-effect problem.
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Figure4.4. Detail of theFour-Block Grid in Its Most DeformedCondition
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Figure4.6. Three-BlockGrid neartheNLR 7301Airfoil

2. Transonic Flow Test

This testis intendedto determinetheperformanceof thismethodfor a transonicflow prob-

lem in which only thegrid is changing.Two differentsolutionsarecomputed.Onefor a fixedgrid

andanotherfor adeforminggrid.

Theproblemsolvedis thetransonicflow aroundtheNLR 7301airfoil insideawind tunnel.

Theflow is steadyataMachnumberof M ® 0 ¯ 768,aReynoldsnumberof Re ® 1 ¯ 727 ² 106, andan

angleof attackof α ® 1 ¯ 28degrees.Thewallsof thewind tunnelareconsideredasbeingcompletely

solid. The grid usedis shown in Fig. 4.6. It is a three-blockgrid andthedimensionsof the first,

second,andthird blocksare281 ² 81,41 ² 41,and41 ² 61,respectively.

To validatethe handlingof the deforminggrid, the test is performedwherethe boundary

of region B in block (1) remainsfixed,but the interior pointsof B performsinusoidaloscillations.

Grid pointsin blocks(2) and(3) aswell astheonesin regionsAp, Aw, andC of block (1) remain
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fixed. Thereducedfrequency of theoscillationof grid pointsin region B is setto k ® 0 ¯ 3 andthe

maximumamplitudeto ∆h ® 0 ¯ 05.

This test is initialized from a steady-statesolutionfor a solid wind tunnelwall boundary

condition at a non-dimensionaltime of τ ® 46̄ 72. Ideally, the solution shouldremainconstant

after the oscillationof the grid pointsin region B hasstarted.Nonetheless,becauseof numerical

errorsandthe movementof grid pointsacrossa shockwave, somevariationof the aerodynamic

coefficientsshouldbeexpected.The resultsfor the testareshown in Fig. 4.7. The amplitudesof

thedeviation of theaerodynamiccoefficientsare∆cL ® 3 ¯ 2 ² 10ã 4, ∆cD ® 1 ¯ 6 ² 10ã 5, and∆cm ®
6 ¯ 4 ² 10ã 5.

The resultsof a DFT analysison thedeviationsis presentedin Fig. 4.8. Onecanseethat

the non-dimensionalfrequency of the signal is computedas f̂ ® 0 ¯ 0375. This correspondsto a

reducedfrequency of k ® 0 ¯ 307,which is approximatelythe reducedfrequency in which the grid

wasoscillating. The amplitudesof the oscillationsareapproximatelythreeordersof magnitude
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Figure4.8.DFT Analysisof theDeviation

smaller than the oscillationsof the aerodynamiccoefficients during the limit-cycle oscillations.

Thesesmall-amplitudeoscillationsareconsideredto beacceptable.

This result for the error betweenthe fixed anddeforminggrid solution was found to be

consistentwith theresultsobtainedin similar testsperformedin [47]. This meansthat thepresent

methodis capableof handlingdeforminggridswith anacceptabledegreeof accuracy.

B. PRESCRIBED MOTION ANALYSIS

First in this section,the resultsof the presentsolver arecomparedwith computationsof

Isogaiet al. [21] andTunceret al. [53] for a singleNACA 0012in a pitch/plungemotion. Thepa-

rametersof themotionof theairfoil werechosenin suchaway thatseparationoccursanddynamic

vorticesaredeveloped.Thesecondpartof thissectioncontainsacomparisonwith theunsteadypo-

tentialflow solverUSPOT for anNACA 0014airfoil in groundeffect. Eulersolutionsarecomputed
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andthegoodagreementwith predictionsof USPOT shows thatthepresentcodecanhandlemoving

anddeforminggridswith a reasonabledegreeof accuracy. Theresultsalsoshow asignificantinflu-

enceof thefree-streamMachnumberon theaerodynamiccoefficcientscomputedfor theairfoil in

groundeffect.

1. Single-Airfoil Pitch/Plunge Motion

Theresultsof thepresentcodearecomparedto theonesobtainedby Isogaietal. [21] for a

pitch/plungemotionof aNACA 0012airfoil. Thereducedfrequency is constantandequalto k ® 1 ¯ 0
for all computations.Thehalf amplitudesareα̂ ® 10 degreesandĥ ® 1 ¯ 0 for thepitch andplunge

motions,respectively. The phaseanglebetweenpitch andplungemotionsis variedfrom φ ® 30

degreesto φ ® 150degrees.Thefree-streamMachandReynoldsnumbersaresetto M∞ ® 0 ¯ 3 and

Re∞ ® 105, respectively. Thefully turbulentflow is computedby usingtheB-L turbulencemodel.

Thegrid usedis thesamepresentedin Fig. 3.6.

Thevorticity contoursarepresentedin Fig. 4.9 for φ ® 90 degrees.This casediffersonly

by thefree-streamReynoldsnumberfrom theoneusedin SectionIII.B.3, in whichthetrailing edge

boundarycondition is discussed.The resultsobtainedby Isogaiet al. [21] areon the LHS and

thepresentresultsareon theRHSof Fig. 4.9. Theagreementbetweenthe two solutionsis good.

The locationof theprimaryvortex is predictedvery closelyin bothsolutions.Thepredictionof a

secondaryvortex occursin bothcases.Evena smallseparationnearthetrailing edgeis pickedup

by bothsolvers.Notethatthecontoursarenot thesamefor bothresults.Thecontourlinesof Isogai

etal. arenotdefinedin [21], hence,it is difficult to reproducethesamecontours.

In theirresearch,Isogaietal. [21] comparedtheirresultswith Tunceretal. [53]. They varied

the phaseanglebetweenpitch andplungeandcalculatedthe thrustcoefficient andthe propulsive

efficiency. Their resultsfor thesetwo parametersarecomparedto thepresentcodecomputationsin
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Figure4.9. Vorticity Contoursof Isogaiet al. (left) andPresentWork (right)

Fig. 4.10. In thepresentwork, thereducedfrequency of themotionis equalto k ® 1 ¯ 0, theplunge

amplitudeis ĥ ® 1 ¯ 0, andtheReynoldsnumbersareRe∞ ® 105 andRe∞ ® 106. Notethat,because

of a differentnondimensionalization, the reducedfrequency andtheplungeamplitudeof [21] are

k ® 0 ¯ 5 andĥ ® 2, respectively.

Thepresentresults,shown in Fig. 4.10,containerrorbarsdueto thenon-periodicityof the

computedsolution. The thrustcoefficient andthe propulsive efficiency arenot the samefor each

cycle andthevariationof theseparametersthroughtencyclesis representedby theerrorbars.It is

importantto notethat themaximuminducedangleof attackis symmetricwith respectto a phase

angleequalto φ ® 90 degrees. For instance,the maximuminducedangleof attackfor φ ® 30

degreesis the sameasfor φ ® 150 degrees. The presentresultsshow a similar behavior for the

thrustcoefficient andpropulsive efficiency. Thecurve throughthemeanvaluesof theseparamaters

is almostsymmetricwith respectto φ ® 90 degrees,althoughthevariationaroundthemeanvalue

is not symmetric.

An attemptto compareresultswith RamamurtiandSandberg [40] wasmadebut, because

of thelargevaluesof amplitudesof themotionandreducedfrequency, thepresentcodewasunable

to computea meaningfulsolution. Thevalueof theStrouhalnumberusedin their computationis
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aroundSr ® 0 ¯ 6, which correspondsto a reducedfrequency k ® 3 ¯ 8. Theamplitudesof themotion

are α̂ ® 15 degreesand ĥ ® 1 ¯ 0. With this combinationof parameters,the presentcodepredicts

locally supersonicflow evenfor a free-streamMachnumberof M∞ ® 0 ¯ 1. BecauseRamamurtiand

Sandberg [40] usedanincompressibleNavier-Stokessolver for their computations,no comparison

with their resultscouldbedone.

2. Airfoil-in-Ground-Effect and Pure-Plunge Motion

A final validationof thepresentcodeis performedfor abiplaneconfiguration.Thiscompu-

tationshows thattheequationsfor deforminggridscancomputetheflow over anoscillatingairfoil

in groundeffectaccurately.

Euler solutionsfor a pureplungingNACA 0014biplanearecomparedwith the oneob-

tainedby usingan unsteadypotentialflow solver calledUSPOT [37]. The reducedfrequency of

theoscillationis k ® 0 ¯ 5. Thehalf amplitudeof themotionis ĥ ® 0 ¯ 4. Theseparationbetweenthe

wingsis l ® 1 ¯ 4. For thepresentsolution,only onewing is modeledandthepresenceof thesecond

wing is simulatedby asymmetryplane.Thedistancefrom thewing to thesymmetryplaneis, then,

d ® 0 ¯ 7.

The Euler solutionswererun for Mach numbersof M∞ ® 0 ¯ 2 andM∞ ® 0 ¯ 3. The multi-

block grid usedis shown in Fig. 4.11. The dimensionsfor blocks(1), (2), and(3) are289 ² 41,

41 ² 39, and 165 ² 51, respectively. The solutionsfor the two Mach numbersare presentedin

Fig. 4.12andcomparedwith theUSPOT solution.Theincompressibleflow solutioncomputedby

USPOT correspondsto aMachnumberof M∞ ® 0. TheEulersolutionsfor M∞ ® 0 ¯ 2 andM∞ ® 0 ¯ 3
show amaximumlift coefficienthigherthantheonepredictedby USPOT. Nonetheless,clearly, the

tendency is to approachthe incompressiblesolutionas the Mach numberdiminishes. The same
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Figure4.11.EulerMulti-Block Grid neartheAirfoil

behavior is observed with respectto thedragcoefficient. Theminimumvaluesfor theEulerdrag

coefficientstendto move towardtheUSPOT solutionastheMachnumberdecreases.

The influenceof the Mach numberon the aerodynamiccoefficients is known to be quite

significantfor wings in extremegroundeffect, asdiscussedby Rozhdestvensky [41]. For wings

in extremegroundeffect, meaningdistancesfrom the groundlower than 10% of the chord, the

aerodynamiccoeffientsvarywith theparameterí 1 ° M∞ î ã 1 andnot í 1 ° M∞ î ã 1ï 2. Eventhoughthe

smallestdistancefrom theairfoil to thegroundduringtheoscillationis d ® 0 ¯ 3, theinfluenceof the

Machnumberis still significant.

This computationshows that thesolutionobtainedwith thecompressible,deforming-grid

codeis in goodagreementwith thesolutioncalculatedfor theunsteadypotentialflow. Therefore,

thepresentsolver shows thatit canperformaccuratelyfor adeforminggrid situation.Furthermore,
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Figure4.12.Comparisonof EulerandPotentialFlow Solutionsfor aBiplaneConfiguration

thesolutionshows a significantinfluenceof theMachnumberon theunsteadyflow characteristics

of thebiplaneor airfoil-in-ground-effect configuration.
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V. RESULTS

A. FLAPPING AIRFOIL PROPULSION

The biplanemodel studiedat the Naval PostgraduateSchoolis presentedin Fig. 5.1. It

hastwo setsof wingswith a chordof c̃ ® 0 ¯ 064m. Thewingsoscillatesinusoidallyin anopposed

plungemanner. Themeanseparationbetweenthetwo planesis l̃ ® 0 ¯ 0896m, which yieldsa non-

dimensionalvalueof l ® l̃ ó c̃ ® 1 ¯ 4. Thisconfiguration,asexplainedin ChapterIII, canbemodeled

by only oneairfoil oscillatingabove a symmetryplane,similar to a wing in groundeffect. The

non-dimensionalmeandistancefrom the airfoil sectionto the symmetryplaneis, then,d ® 0 ¯ 7.

Theamplitudeof themotionof theairfoil correspondsto a non-dimensionalvalueof ĥ ® 0 ¯ 4. This

enablesaminimumclearanceof d ° ĥ ® 0 ¯ 3 from thesymmetryplane.

This configurationwas testedby Lund [34] and the experimentswere conductedinside

a low-speed,open-sectionwind tunnel with speedsvarying from U∞ ® 0 to U∞ ® 9 ¯ 5mó s. The

ReynoldsnumbervariedfromRe∞ ® 0 toRe∞ ® 45ô 000andtheMachnumberfromM∞ ® 0 toM∞ ®
0 ¯ 028.Thefrequency of theoscillationof thewingswassetto discretevaluesof f ® 3 ô 5 ô and7 Hz.

Thenumericalcomputationswereperformedin athree-blockgrid in whichblock(1) corre-

spondsto a289 ² 81C-grid,block(2) is a61 ² 29H-grid,andblock(3) is representedby a152 ² 51

H-grid. A close-upof thegrid aroundtheairfoil is presentedin Fig. 5.2. TheS-A andB-L turbu-

lencemodelswereusedto performfully turbulent calculations.Fully laminarcomputationswere

alsoperformedbecauseof thelow Reynoldsnumberof theexperiments.In thiscase,no turbulence

modelwasused.
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Figure5.2. Three-BlockGrid neartheAirfoil Section
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No sensitivity analysisto thesizeof thegrid wasperformedin thepresentwork becauseof

theresultsobtainedby Tunceretal. [53]. They foundthatthecomputedsolutionwasnotsensitive to

gridsizesof 121 ² 62,241 ² 61,241 ² 91,and311 ² 71. However, asensitivity studyto thetimestep

wasperformedfor someof theunsteadycasesof thepresentwork. This studywasaccomplished

by increasingthenumberof Newtonsub-iterationswithin eachphysicaltimestep,whichwasfound

to beequivalentto reducingthetime step.Theresultsof thisprocedureshowedthattheparameters

computedby meansof averagingthroughacycledid notchangesignificantly. Thepredictionof fine

detailof theflow-field, suchasthefrequency of leadingedgevortex sheddingandthelocationof the

dynamicvortex alongthecycle,wasmoresensitive to thetimestep.Nevertheless,becausethemain

interestof thepresentwork is onaveragedvaluesalongthecycle,suchasthethrustcoefficient and

thepropulsive efficiency, threeNewton sub-iterationswereusedandthetime stepwaskeptwithin

aminimumof 3 ô 500stepspercycle.

1. Steady-State Computations

Steady-statesolutionsareneededto startup unsteadysolutions.Anotherreasonfor com-

putingthemis theneedto correctthecalculationof thethrustcoefficient. In theexperiments,one

is interestedin measuringthe thrustdueto the oscillationof the wings. This is doneby measur-

ing thedrag,or thrust,for theentiremodel,including thewingsandfuselage,andsubtractingthe

steady-statedragmeasuredfor thesamemodel. Thedifferenceis thethrustdueto theflappingof

thewings.

The consequenceof this procedureis that all typesof steady-statedrag are eliminated,

includingfriction andpressuredragof thewing. Hence,in orderto comparenumericalandexperi-

mentalresults,thesameproceduremustbeperformed.Thecomputedsteady-statedragalsohasto

besubtractedfrom theunsteadyvalues.
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Table5.1. Steady-StateDragCoefficients

h laminar S-A S-A B-L

M ® 0 ¯ 1 M ® 0 ¯ 1 M ® 0 ¯ 3 M ® 0 ¯ 1
-0.4 0.0260 0.0038 0.0038 0.0050

-0.2 0.0228 0.0030 0.0030 0.0031

0.0 0.0217 0.0028 0.0028 0.0029

0.2 0.0212 0.0027 0.0027 0.0028

0.4 0.0209 0.0026 0.0026 0.0027

For thebiplaneconfiguration,or wing in groundeffect, it is known thatthedragcoefficient

is a function of the groundclearance.Consequently, a seriesof steady-statecomputationswere

performedfor variousvaluesof distancesfrom the ground. The resultsfor thesecalculationsis

presentedin Table5.1.

Thesteady-statesolutionsfor fully turbulentflows wererun for a ReynoldsnumberRe∞ ®
106. Thisvalueis muchhigherthantheReynoldsnumberof theexperimentbut, in orderto useB-L

or S-A turbulencemodels,106 is the minimum valueof their rangeof application. The pressure

distributions for theseturbulencemodelsareshown in Fig. 5.3 for a distancefrom the symmetry

planeequalsto d ® 0 ¯ 3, correspondingto theclosestpositionduring thesinusoidalmotionof the

airfoil. Thetwo solutionsarevery closeto eachother, showing that,for steady-statecomputations,

theturbulencemodelsdo nothave astronginfluenceon thecalculations.Furthermore,thepressure

distribution is not symmetricanymore. The lift force resultingfrom the imbalanceof pressureis

now in thedirectionof thegroundplane.
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Figure5.3. PressureCoefficientDistributionsfor B-L andS-A Models

Thesolutionfor fully laminarflow wasperformedusingRe∞ ® 104. Thepressuredistribu-

tion over theairfoil for this caseis presentedin Fig. 5.4. Also shown in this figure is thepressure

distribution for the fully turbulent flow usingthe S-A turbulencemodel. The two solutionslook

quite different. The flow for the laminarsolutionis separatedwhereasthe fully turbulent flow is

alwaysattachedto theairfoil. A snapshotof thevorticity field for the laminarcomputationis pre-

sentedin Fig. 5.5. The boundarylayer is quite thick anddetachesfrom thesurfaceof theairfoil,

producingvorticesthat areshedfrom the trailing edge.This meansthateven thefixed-airfoil so-

lution hasanunsteadybehavior for thelow Reynoldsnumberin question.This unsteadybehavior

canalsobeseenin thehistoryof aerodynamiccoefficientsshown in Fig. 5.6.

Thevorticesproducedby thedetachmentof theboundarylayeraredraginducingvortices.

Their orientationis suchthat they tendto approachthe groundplane. Therefore,the wake is de-

flecteddownwardandinducesapositive (upward)lift on theairfoil.

77



0
Ú

0.2 0.4 0.6 0.8 1Û
x/cÜ−0.5

0

0.5

1

−
cÝ p

fully turbulent S−A
õ
fully laminar
õ

Figure5.4.PressureCoefficient Distributionsfor LaminarandTurbulentFlows

Figure5.5. Entropy ContourLinesfor theLaminarSolution
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Thesteady-statesolutionsshow that thefully turbulentflow is not influencedsignificantly

by theuseof theB-L or theS-A turbulencemodel. Theflow is alwaysattachedto theairfoil and

thelift forceis negative (pointingto thegroundplane).Ontheotherhand,thelaminar-flow solution

yieldsarelatively thick boundarylayer, whichdetachesfrom theairfoil andproducesanoscillatory

behavior for theaerodynamiccoefficients.

2. Oscillating Airfoil Computations

In theexperiments,the frequency of oscillationof thewingswassetto a fixedvalue,and

the speedof the wind tunnel was changedin order to vary the reducedfrequency. This means

that the free-streamReynoldsnumberis differentfor eachvalueof reducedfrequency. Therange

of the free-streamReynoldsnumberin the experimentswasfrom Re∞ ® 0 to Re∞ ® 45ô 000. In

the numericalsolutions,the Reynoldsnumberwaskept fixed for all valuesof reducedfrequency
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becauseof thelargenumberof steady-statesolutionsthatwouldhave to begeneratedto startup the

unsteadycomputations.TheReynoldsnumberwassetequalto Re∞ ® 104 for thelaminarsolutions

andRe∞ ® 106 for the fully turbulent computations.It is importantto mentionthat this procedure

mayinducediscrepancieswhencomparingexperimentalandnumericaldata.

Thefree-streamMachnumberis anotherimportantissue.Ideally, becauseof thelimitations

of the numericalscheme,the minimum free-streamMach numbershouldbe aroundM∞ ® 0 ¯ 3.

However, for this Mach numberandvaluesof reducedfrequency aroundk ® 2 ¯ 0, the local Mach

numbersof the flow-field reachvaluesashigh asM ® 1 ¯ 5, at which point compressibilityeffects

aresevere. The Mach contourlines for theseconditionsareshown in Fig. 5.7 with the airfoil in

a positionvery closeto h ® 0 during theup stroke. Thecontourlinesgo from M ® 0 to M ® 1 ¯ 6
with an incrementof ∆M ® 0 ¯ 04. The region wherethe local flow is supersonicis presentedin

Fig. 5.8(a). Although this region is not very large, the region wherecompressibilityeffects are

alreadysignificantis muchlarger. Theentropy contourlinesareshown in Fig.5.8(b).It canbeseen

thatthesupersonicpocket occursinsidethedynamicvortex which is beinggeneratedat theleading

edge.Hence,thephysicsof thedynamicstall arecompletelyalteredby compressibilityeffects. It

is alsoimportantto mentionthat the TVD schemeis switchedoff for the airfoil in ground-effect

computations.

A computationfor a free-streamMach of M∞ ® 0 ¯ 1 wasperformedfor thesamereduced

frequency of k ® 2 ¯ 0. The Mach contourlines arepresentedin Fig. 5.9 with the sameincrement

of ∆M ® 0 ¯ 04. The local Mach numberfor this casestaysbelow M ® 0 ¯ 55 for the whole cycle.

Therefore,mostof thecomputationswereperformedfor a free-streamMachnumberof M∞ ® 0 ¯ 1.

The idea was to eliminateany sourceof compressibilityeffects sincethe Mach numbersof the

experimentsweremuchlower.
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Figure5.7.MachContourLinesfor M∞ ® 0 ¯ 3 andk ® 2 ¯ 0

(a) (b)

Figure5.8.SupersonicPocket andEntropy Contoursfor M∞ ® 0 ¯ 3 andk ® 2 ¯ 0
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Figure5.9.MachContourLinesfor M∞ ® 0 ¯ 1 andk ® 2 ¯ 0
Thecomputedthrustcoefficient for theairfoil in groundeffect configurationandM∞ ® 0 ¯ 1

is presentedin Fig. 5.10asa functionof thereducedfrequency. Theturbulencemodelsusedfor the

fully turbulentsolutionswereB-L andS-A. TheReynoldsnumberfor thesecaseswasRe∞ ® 106.

For thefully laminarsolution,theReynoldsnumberwasRe∞ ® 104. Thepotentialflow solutionsfor

abiplane(USPOT) andasingleairfoil (UPOT) configurationsandtheexperimentalvaluesobtained

by Lund [34] in theNPSwind tunnelarealsoshown in thesamefigure.

Thethrustcoefficient perairfoil is definedby Eq. (5.1):

cT ® T
1ó 2ρ∞U2

∞c
(5.1)

whereT ®ù° D is the thrust force generatedby the flappingmotion of the airfoil, ρ∞ is the free-

streamdensityandU∞ is thefree-streamvelocity of theflow.

Computationsfor M∞ ® 0 ¯ 3 werealsoperformedfor theS-A turbulencemodel. They are

comparedwith thesolutionsfor thesamemodelandM∞ ® 0 ¯ 1 in Fig.5.11.For M∞ ® 0 ¯ 3 andvalues
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Figure5.10.ThrustCoefficient for M∞ ® 0 ¯ 1
of reducedfrequency higherthank ® 1 ¯ 0, compressibilityeffectsclearlychangethebehavior of the

solutiondramatically.

Theagreementwith theexperimentsof [34] is muchbetterfor thelaminarthanfor thefully

turbulent solutions,regardlessof the turbulencemodelusedfor turbulent flow. This is expected

becausetheReynoldsnumbersof theexperimentsaremuchcloserto theReynoldsnumberof the

laminarsolution thanto the Reynoldsnumberof the fully turbulent computations.At this range

of Reynoldsnumbers,the vortices,which aresheddueto the detachmentof the boundarylayer,

dominatetheflow over theairfoil, especiallyfor low frequencies.In fact,solutionsfor S-A andB-L

turbulencemodels,whenno vorticesareshed,agreebetterwith theUSPOT solution. This means

that thepredictionof thevorticesproducedby boundarylayerdetachmentor thepredictionof the

dynamicstall is crucial for simulatingcorrectlythebehavior of theflow at this rangeof Reynolds

numbers.
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Figure5.11.ThrustCoefficient for theS-A TurbulenceModel

Theentropy distribution of thelaminarflow field aroundtheairfoil is presentedin Fig. 5.12

througha seriesof framesfor differentpositionsalongthecycle. TheLHS of Fig. 5.12represents

thedown stroke whereastheRHSshows theupstroke. Thedynamicstall vorticesgeneratedduring

themotionarewell capturedby thesolver, andit is clearthat theboundarylayer is quite thick for

somepositionsalongthecycle. Therefore,reviewing thethin layerassumptionof thepresentsolver

is essential.This assumptionmay not hold for positionsalongthe cycle if the boundarylayer is

relatively thick.

Thesolutionsfor turbulent flow arecloseto thepotentialflow computations(USPOT) for

reducedfrequenciesup to k ® 1 ¯ 0 (S-A andM∞ ® 0 ¯ 3) andk ® 2 ¯ 0 (S-A, B-L, andM∞ ® 0 ¯ 1).

As statedby Tunceret al. [53], the limit for separatedflows for a single NACA 0012 airfoil is

givenby theequation̂hk ® 0 ¯ 35. Accordingto thediscussionpresentedin SectionIII.B.3, this limit

could be further extendedto ĥk ® 0 ¯ 45 for the NACA 0014airfoil. For ĥ ® 0 ¯ 4, the valueof the
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Figure5.12.Entropy ContourLinesfor LaminarFlow, M∞ ® 0 ¯ 1, andk ® 1 ¯ 0
85



reducedfrequency for flow separationbecomesk ® 1 ¯ 125.However, thecomputedthrustcoefficient

remainscloseto thepotentialflow solutionevenbeyondthis dynamicstall limit. In orderto assess

this behavior, two sequencesof entropy contoursfor k ® 2 ¯ 0 andM∞ ® 0 ¯ 1 aregivenin Figs.5.13

and 5.14 for the S-A and B-L turbulencemodels,respectively. For the S-A solution, Fig 5.13,

theflow is not completelyseparated.A recirculationbubble,which convectsdownstreambut only

separatesfrom thesurfaceof theairfoil nearthetrailing edge,is predicted.Furthermore,thebubble

predictedfor the uppersurfaceis larger thanthe bubblecomputedfor the lower surface. For the

B-L simulation,Fig. 5.14,thedynamicstall vortex is clearlypredictedby thesolver for bothupper

andlower surfaces.Thesesolutionssuggestthat the turbulencemodelinfluencesthepredictionof

dynamicstall, andalsosuggestthat the dynamicstall limit for the biplaneconfigurationmay be

slightly differentfrom thesingle-wingvalue.

Thepropulsiveefficiency isdefinedasthepowergeneratedby thethrustforcedividedby the

power necessaryto oscillatetheairfoil, andit is representedin Eq. (5.2). Thecomputedpropulsive

efficiency is shown in Fig. 5.15.

η ® TU∞

Preq
(5.2)

whereT ®h° D is thethrustforceandPreq is thepower requiredfor oscillatingtheairfoil.

It is known that the biplaneconfigurationproducesmore thrustper wing thanthe single

wing. A comparisonbetweencomputedvaluesof propulsive efficiency andthrustperwing for the

biplaneandsingleconfigurationsis shown in Fig. 5.16. It canbe seenthat the airfoil in ground

effect producesmorethrustperwing, with almostthesameefficiency, thanthesingleairfoil. This

behavior wasdemonstratedpreviously by Joneset al. [24].
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Figure5.13.Entropy ContourLinesfor S-A Turb. Model,M∞ ® 0 ¯ 1, andk ® 2 ¯ 0
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B. TRANSONIC FLUTTER

A major conclusionby Castroet al. [11] was identifying how significantthe porosityof

the wind-tunnelwalls wason predictingtransonicsteadyandunsteadyflow characteristicsof the

airfoil insidethewind tunnel. The currentwork wasconductedin orderto further investigatethe

effectof porosityof thewallsandto improve themethodof prescribingsuchaboundarycondition.

Therefore,theapproachadoptedwasbasedondeterminingaporousboundaryconditionthatyielded

a steady-statesurfacepressuredistribution for theNLR 7301airfoil, in the presenceof thewind-

tunnelwalls, which bestagreedwith the experimentsof Schewe et al. [31]. Oncea satisfactory

porousboundaryconditionwasdetermined,the flutter computationswereperformed. Adjusting

otherflow parametersof theexperiment,suchasinflow andoutflow boundaryconditions,wasnot

attemptedsincethey werenotgivenin [31]. Thewind-tunneltestwasperformedataMachnumber

of M∞ ® 0 ¯ 768,anangleof attackof α ® 1 ¯ 28degrees,andaReynoldsnumberof Re ® 1 ¯ 727 ² 106.

Thesameflow conditionswereusedin thepresentsimulation,sinceno correctionswereappliedto

theexperimentaldata[31]. Theplenumpressurewasalwayskeptequalto thefree-streampressure

(pplenum ® p∞). The resultsfor the steadycalculationswere usedas the start for the unsteady

simulations.

All steady-stateandunsteadycomputationswereperformedusingaC-type281 ² 81point

main-blockgrid (1), shown in Fig. 5.17, which wasgeneratedfrom the original NLR 7301 air-

foil surfacedata. Blocks (2) and (3) were Cartesian-typeand contained41 ² 41 and 41 ² 61

pointsalongthe streamwiseandthe normaldirections,respectively. The Spalart-Allmaras(S-A)

and Baldwin-Lomax(B-L) turbulencemodelswere usedthroughoutthe courseof the unsteady

computationsfor theNLR 7301airfoil.

All thecomputationswereperformedin a time-accuratemodeusinga constanttime step.

For fixed anglesof incidence,the solutionwasrun for a long time after convergencein residuals
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Figure5.17.C-TypeGrid neartheNLR 7301Airfoil

so thatvariationsin all aerodynamiccoefficientswerereducedto machinezero. This wasdonein

orderto ensurethatall flow disturbancesfrom the initial transientsweresweptout of thedomain.

At convergence,all solutionsatfixedanglesof incidencedid notexhibit any unsteadiness.

A grid-sensitivity studywasperformedpreviouslyby Weberetal. [55] showing thatresults

werenot significantlychangedfor grid sizesof 221 ² 91 with an initial wall spacingof 2 ² 10ã 5,

which yieldsy��� 1 ¯ 0, with 40 pointsin thewake andwith thefar-field boundaryplaced20 chord

lengthsaway from theairfoil surface.Therefore,aninitial wall spacingof 1 ² 10ã 5 waschosento

keepy��� 1 ¯ 0 even for unsteadycomputations.Thegrid sizeof 281 ² 81 chosenfor block (1) of

thepresentcomputationsguaranteesthattherewill be40 pointsin thewake. Furthermore,because

thefar-field boundaryis placedat thetunnelwalls andnot 20 chordlengthsaway from theairfoil,

81 grid pointsin theζ directionaresufficient to guaranteea reasonablegrid resolutionaway from

theairfoil.
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A time-sensitivity analysiswasconductedin thepresentwork. The time stepusedin the

presentinvestigationwas suchthat a minimum of 2 ô 400 iterationsper cycle of oscillation was

appliedto eachone of the unsteadycases. The time stepof someunsteadycomputationswas

divided by two, andno significantchangein theflutter frequency or inter-modalphaseanglewas

observed. However, a reductionof approximately5% on theflutter amplitudesoccurredfor these

cases.As seenlater in this section,otherparametersinfluencedtheflutter amplitudesmuchmore

stronglythanthetimestep.Therefore,mostof theeffort wasconcentratedin studyingtheinfluence

of theseparametersratherthantheinfluenceof thetime step.Furthermore,thecomputationalcost

of usingafiner time resolutionfor mostof theunsteadysimulationswouldbeenormous.

1. Steady-State Computations

First, a computationfor a solid wind tunnelwall wasperformedusingtheS-A turbulence

model. The normal componentof the velocity at the walls was set to zero and the other flow

variableswereextrapolatedfrom the interior pointsof the grid. The pressuredistribution for this

caseis presentedin Fig. 3.16andcomparedwith the averagedpressuredistribution of Schewe et

al. [31]. Theagreementwith theexperimentcanbefurther improved,asdiscussedin theprevious

work [11], by modelingtheporosityof thewind-tunnelwalls.

Themodelfor theporosityof thewall, basedon thetheorypresentedby Mokry et al. [35],

Eq.(3.2),wasevaluatednext. Thepressuredistributionsfor 25%and50%wall porosityparameters

arepresentedin Fig. 5.18.Theporous,inviscid boundaryconditionwasusedfor thesecases.It can

be seenthat a betteragreementwith the experimentis achieved for a porousboundarycondition

thanfor thesolid wall. That the turbulencemodelhasa significantinfluenceon thepredictionof

theshocklocationis alsoclear.
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Theporous,viscousmodelwasalsotestedfor porosityparametersof σ ® 0 ¯ 25andσ ® 0 ¯ 50

andyieldedslightly betteragreementwith the experimentthan the porous,inviscid model. The

comparisonof the pressuredistributions with the experimentalresultsfor this caseareshown in

Fig. 5.19. The porosityparameterof σ ® 0 ¯ 25 seemsto yield a betteragreementwith the time-

averagedpressuredistribution of [31], predictingabetterlocationfor theuppershock.Onceagain,

theturbulencemodelsignificantlyaffectsthecomputedshocklocation.

In summary, the steady-statecomputationsdemonstratethat the porosityof the walls has

a very stronginfluenceon thecomputedflow field aroundtheNLR 7301airfoil. Additionally, the

methodof applyingthecorrespondingboundaryconditionandtheturbulencemodelareinfluential.
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2. Flutter Computations

Basedon theconclusionsdrawn from thesteadycomputations,thefluttersimulationswere

performedusingtheporousmodelfor thewind-tunnelwalls. Thenominalconditionsof thewind-

tunneltestwerepreserved,namelyM∞ ® 0 ¯ 768,αi ® 1 ¯ 28degrees,andRe ® 1 ¯ 727 ² 106, aswell as

thespring-neutralangleof attackα0 ® 1 ¯ 91 degrees.Notethat thesevaluesweremodifiedin [55],

to accountfor wind-tunnelinterference,to M∞ ® 0 ¯ 753, αic ® ° 0 ¯ 08 degrees,Re ® 1 ¯ 727 ² 106,

andα0c ® 0 ¯ 635 degrees. All time-accurateflutter computationswereperformedassumingfully

turbulent flow usingthe Spalart-AllmarasandBaldwin-Lomaxturbulencemodels. The computa-

tionspredictedflutter in two degreesof freedom.Limit-cycleoscillations(LCO) werecomputedin

agreementwith thewind-tunneltest.

In theexperimentaltestcase[31], limit-cycleoscillationsin pitchandplungewerereported.

Theexperimentwasconductedat a total pressureof 0.45baranda dynamicpressureof 0.126bar.

A time-averagedangleof attackof ᾱ ® 1 ¯ 28 degreeswasmeasuredfor anangleof attackat wind-

off condition of α0 ® 1 ¯ 91 degrees,which is equivalent to the spring-neutralangleof attackin

thenumericalsimulation.Theporosityparameterassociatedwith theperforatedwall of theDLR-

Göttingenwind tunnelwasstatedasσ ® 0 ¯ 25. Theholesin thewall weredrilled at anangleof 30

degreeswith respectto thesurfaceof thewall. No measurementsof thepressureat thewall were

performed;therefore,theplenumpressurewasassumedto bethefree-streampressurein thepresent

study. Thedimensionlessstructuralparametersof theexperimentaresummarizedin Table5.2.The

sameparameterswereusedfor theaeroelasticcomputation.

Initially, theflutter computationswerestartedbasedon a porosityparameterof σ ® 0 ¯ 25.

Time historiesof theangleof attackfor a porous,inviscid boundaryconditionat the tunnelwalls

areshown in Figs.5.20and5.21 for the S-A andB-L turbulencemodels,respectively. Note that

LCO hasnot beenachieved for both turbulencemodels.The initial oscillationsdampout andthe
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Table5.2. StructuralParameters

xp ® 0.2500 kα ® 0.3330

xα ® 0.0484 kh ® 0.2540

m ® 946.00 δα ® 0.0041

Iα ® 33.900 δh ® 0.0073
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Figure5.20.Angle-of-AttackHistory for σ ® 0 ¯ 25,Porous,Inviscid BC, andS-A Turb. Model

computationsconvergeto a steadyvalueof theangleof attack.For theB-L model,theoscillations

areerraticaftersometime,showing adifferentbehavior from theS-A turbulencemodel.

Next, a porous,viscousboundarycondition was evaluated. Time historiesof the angle

of attackfor this casearepresentedin Fig. 5.22and5.23. For a porous,viscousmodel,LCO is

clearly achieved for both the S-A andB-L turbulencemodels,but the amplitudesarehigherthan

thereportedexperimentalvaluesof Knipfer et al [31]. Theflutter resultsfor thecomputationsare

summarizedin Table5.3. Differentlyfrom theporous,inviscid model,thebehavior of thesolutions

for theporous,viscousboundaryconditionis similar for bothturbulencemodels.No erraticoscil-
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Figure5.21.Angle-of-AttackHistory for σ ® 0 ¯ 25,Porous,Inviscid BC, andB-L Turb. Model

lationsarepresentandtheflutter parametersarepredictedclosely. Therefore,no significanteffect

of theturbulencemodelon computationswith theporous,viscousmodelexisted.

The computationsfor σ ® 0 ¯ 25 show that the type of boundarycondition for the porous

wall can leadto differentunsteadysolutions. LCO is obtainedfor the porous,viscousboundary

conditionin which theflow is essentiallyverticalat thewall, but for theporous,inviscid boundary

condition,theflow is almosttangentto thewall andthemotionis damped.In fact,neitherthevis-

cousnor theinviscid boundaryconditionaccuratelymodelsthedetailsof thenear-wall flow of the

experiment.Theexperimentusedholesdrilled at 30 degreesimposinga curvatureto theflow. The

approachadoptedin the presentwork usestwo extremeconditionsof flow curvaturerepresented

by the porous,inviscid andviscousboundaryconditions(tangentandnormal,respectively). The

curvatureof theflow in theexperimentis betweenthesetwo extremevalues.Fortunately, theexper-

imentalLCO amplitudesalsolie betweenthecomputedamplitudesfor thetwo typesof boundary

condition. This fact suggeststhat the porousboundarycondition for the wind-tunnelwalls sig-

nificantly improves the computationsof LCO for the NLR 7301insidethe DLR-Göttingenwind

tunnel.

97



0
�

1000
�

2000
�

3000
�

4000
�

5000
�

τ�−1

0

1

2

3

α 
[d

eg
re

es
]�
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Figure5.23.Angle-of-AttackHistory for σ ® 0 ¯ 25,Porous,ViscousBC, andB-L Turb. Model
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Table5.3.FlutterResults

method ᾱ α̂ ĥ f Φ

[deg] [deg] [mm] [Hz] [deg]

Exp.a 1.28 0.18 0.65 32.85 176.7

S-Ab 1.19 0.00 0.00 34.4 166

S-Ac 1.15 1.70 4.68 34.5 165

B-Lb 1.11 0.00 0.00 - -

B-Lc 0.98 1.79 5.00 34.6 165

S-Ad 1.24 0.78 2.9 36.7 149

S-Ae 0.07 3.78 11.1 32.30 171.8

a = without wind-tunnelcorrections.

b = with porous,inviscid wall; σ ® 0 ¯ 25.

c = with porous,viscouswall; σ ® 0 ¯ 25.

d = previouswork; with 50%porosity.

e = [55]; fully turbulent(unboundedcomputation).
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Figure5.24.MachContourLinesfor Porosityσ ® 0 ¯ 25 andPorous,Inviscid BoundaryCondition

TheMachcontourlinesof theflow field neartheairfoil for theporous,inviscidandporous,

viscousboundaryconditionsarepresentedin Figs.5.24and5.25,respectively. TheMachcontours

lines go from M ® 0 to M ® 2 ¯ 0 with an incrementof ∆M ® 0 ¯ 05 for both cases.The flow goes

to a relatively low speednearthe porouswalls for the porous,viscousboundaryconditioncase,

asshown in Fig. 5.25. For theporous,inviscid boundarycondition,theflow nearthetunnelwalls

remainsata relatively high speed,asshown in Fig. 5.24.

In orderto studythe influenceof the porosityparameterof the wind-tunnelwalls in pre-

dicting limit-cycle oscillations,a parametricvariationof σ wasconducted.First, a porous,inviscid

boundaryconditionwasusedto computeasolutionfor a porosityparameterof 50%.Thetime his-

tory of theangleof attackshows thattheLCO wasnever achievedandtheinitial oscillationsdamp

out asillustratedin Fig. 5.26. Next, severalcaseswererun for differentvaluesof theporositypa-

rameterusingtheporous,viscousboundarycondition.TheLCO amplitudesobtainedin thoseruns
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Figure5.25.MachContourLinesfor Porosityσ ® 0 ¯ 25 andPorous,ViscousBoundaryCondition
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Figure5.26.Angle-of-AttackHistory for σ ® 0 ¯ 50,Porous,Inviscid BC, andS-A Turb. Model

areshown in Fig. 5.27. Theseresultsarealsoprovided in Table5.4. That theporosityparameter

alsohasasignificantinfluenceontheLCO amplitudesis clear. Becauseof theflow curvatureat the

porouswalls, theLCO amplitudesareexpectedto besmallerthantheonespresentedin Fig. 5.27

andTable5.4. Nevertheless,the influenceof the porosityparameteris believed to be the same.

Final resultsfor the flutter computations,including flutter frequency, phase,amplitudesα̂ and ĥ,

andmeanangleof attackᾱ, areshown in Tables5.3and5.4.

Theinfluenceof thetunnelblockagewasalsoinvestigated.Threemorecaseswererunwith

differentheightsof thewind-tunneltestsection,H. Thenominalconditionfor theexperimentwas

H ® 1 ¯ 0m, which yieldsH ó c ® 3 ¯ 33. The additionalcasesrepresentedH ó c ® 5 ¯ 00, H ó c ® 6 ¯ 67,

andH ó c ® ∞ (unboundedflow). All nominalvaluesof theexperimentwerepreserved.Notethatthe

unboundedsolution,in this case,is differentfrom theresultsobtainedin [55], dueto thecorrected

free-streamconditionsthey used.Thehistoryof theangle-of-attackamplitudefor thesecasescan

beseenin Fig. 5.28.Theporous,viscousboundaryconditionwith σ ® 0 ¯ 25 wasusedat thetunnel

walls in all the casesexcept the unboundedflow. The resultsshow a tendency of decreasingthe

LCO amplitudesastheheightof the testsectionH is increased.For H ó c ® 5 ¯ 00, theoscillations
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Figure5.27.Variationof LCO Amplitudeswith thePorosityParameter

Table5.4.LCO Computations

σ ᾱ α̂ ĥ f Φ

[deg] [deg] [mm] [Hz] [deg]

0.12 1.10 0.01 0.04 34.7 164

0.16 1.11 0.38 1.09 34.5 165

0.20 1.12 1.51 4.25 34.6 165

0.25 1.15 1.70 4.68 34.5 165

0.30 1.17 1.69 4.61 34.3 167

0.50 1.17 1.20 3.19 34.5 166
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Figure5.28.Variationof LCO Amplitudeswith theSolid Blockage

arealreadydampedoutasin theunboundedflow solution.As expected,theresultstendto approach

theunboundedflow solutionasH ( c is increased.Theseresultsalsoshow that,dependingon the

valueof H ( c chosenfor thewind-tunneltest,theflutter characteristicsof the measurementsmay

differ significantly from the free-flight situation. Moreover, apparently, the variationof the LCO

amplitudeswith thetunnelblockageis rathernon-linear.

The influenceof the Mach numberon the flutter characteristicsof the NLR 7301airfoil

including tunnel walls was studiedas well. In order to save computationalefforts, the porous,

inviscid wall boundaryconditionwasused.This typeof wall boundaryconditionrequiresa much

shortercomputationaltime to achieve LCO. The time history of the angle-of-attackamplitudes

for someMach numbersis presentedin Fig. 5.29 for both tunnelandunboundedsolutions. The

amplitudesfor wind-tunnelsolutionswerealwayshigherthantheamplitudesfor unboundedflow

in theMachnumberrangeof thecomputations.

The resultsobtainedin this work show that the porosityparameter, the solid blockageof

thetestsection,andtheMachnumberall have a stronginfluenceon thepredictionof thetransonic
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flutter characteristicsof the NLR 7301airfoil, as indicatedin Figs. 5.20 through5.29. The type

of boundaryconditionusedfor theporouswind-tunnelwall is alsoinfluential. Thecomputedam-

plitudesof α̂ andĥ arelarger thantheonesmeasuredin theexperiment[31] for a porous,viscous

boundaryconditionbut lower for aporous,inviscid boundarycondition.Thetypeof boundarycon-

dition hasonly a small effect on predictingthe flutter frequency andthe inter-modalphaseangle.

Thesevalueswerepredictedmoreclosely in the presentwork thanin [11]. Therefore,it is con-

sideredthat an improvementwasobtainedwith respectto the previous work [11]. The predicted

flutter frequency deviatesfrom the experimentalvalueby 4.9% and the inter-modal phaseangle

by 11 degrees.Nonetheless,theseparameterswerepredictedmorecloselyby theunboundedflow

computationsof Weberet al [55]. The valuesof frequencies,amplitudes,andphaseangleswere

calculatedby meansof aDFT-analysisof thelast10 cycles.

Although the amplitudeswereoverpredictedor underpredicteddependingon the type of

wall boundarycondition, the limit-cycle oscillationphenomenonwascorrectlypredictedandthe

frequency andthe inter-modalphaseanglewerecomputedwithin a reasonableaccuracy. It must

be kept in mind that the plenumchamberpressurewas assumedto be the free-streampressure.

Also, inevitably, otheruncertainfactorsexist. It appears,then,thatthewind-tunnelporositymodel

usedin the presentcomputationssignificantlyimprovesthe predictionof flutter characteristicsof

wind-tunnelflows.
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VI. CONCLUSIONS AND RECOMMENDATIONS

A parallelversionof thesolver wasimplementedandcomparedwith thesingle-processor

version.Theparallelcodereducedthewall-clock time requiredfor asolutionandyieldedidentical

resultsto thesingle-processorsolutionfor bothsteady-stateandunsteadycomputations.A cluster

of Linux PC’s wasusedto conductthecomputationsfor bothproblemsunderinvestigationin this

work.

Thereasonfor studyingtheairfoil-in-ground-effect problemis to understandthephysicsof

the low-speedflow over the opposed-plungebiplaneof the NPS’s micro-air vehicle. Whenusing

a compressiblesolver for high reducedfrequencies,the local Machnumbermayreachsupersonic

valuesatwhichcompressibilityeffectsaredominant,asdiscussedin ChapterV. Sincethemicro-air

vehiclewill fly at muchlower Machregimes,predictionsusingcompressiblesolversmaynot cap-

turethecorrectphysicsof this problem.Furthermore,asindicatedby Anderson[3], it appearsthat

dynamic-stall-vortex captureat high reduced-frequencies makes thrustgenerationmoreefficient.

Hence,in order to investigatenumericallymotionswith high reduced-frequencies, the useof an

incompressiblesolver wouldbemoreappropriatebecauseit wouldavoid compressibilityeffects.

Another importantissueis the thin-boundary-layer assumption.Micro-air vehiclesfly at

low Reynoldsnumbersand,in suchcase,this assumptionis questionablebecauseboundarylayers

arerelatively thick at this regime. Therefore,it is moreappropriateto usean incompressible,full

Navier-Stokes codeto study numerically the unsteadyflow over the biplanewing of the NPS’s

micro-airvehiclefor low MachandReynoldsnumbers.

The Spalart-Allmarasturbulencemodelwasmodifiedso that it would work with moving

anddeforminggrids. This changeis importantbecausethis modelwasdevelopedfor fixed grids

107



and the convection of vorticity was not correctly predictedfor moving or changinggrids. This

changealoneis insufficient to work with moving anddeforminggrids. Theturbulencemodelmust

alsobesolvedwith thesametime stepastheconservationequations.In somesolvers,a relaxation

schemeis usedin which thetime stepfor theturbulencemodelis differentfrom thetime stepused

for theconservationequations.Sincerelaxationis usedin thepresentsolver, theSpalart-Allmaras

turbulencemodelmustbefurthermodifiedto betimeaccurate.

It wasfoundthatassumingfully laminarflow for theairfoil-in-ground-effect problemde-

liveredthebestagreementwith theexperimentsconductedby Lund [34]. Despitethelimitationsof

thesolver, theagreementof thenumericalpredictionswith theexperimentswasgoodfor reduced

frequenciesup to k + 2 , 0. Beyondthis value,compressibilityeffectsplayeda majorrole in thenu-

mericalpredictions.Therefore,computationswerenot attemptedfor valuesof reducedfrequency

beyondk + 2 , 0.

A study of the trailing-edgeboundarycondition revealedthat the mannerin which it is

implementedin the flow solver is influential whentherearenon-linearitiesin the flow field. For

unsteadyflows with low inducedanglesof attack,wheretheflow is alwaysattachedto theairfoil,

almostnodifferencewasfoundin thecomputationswhenusingthefreeor theaveragedTE bound-

ary conditions.However, if theinducedangleof attackwashigh enoughto generatedynamicstall,

thecomputedsolutionwassensitiveto theTE boundarycondition.Whennon-linearitiesarepresent,

thepredictedsolutionis no longerperiodic. Instead,thepredictedsolutionfollows anattractor, as

shown in ChapterIII. Althoughthefinedetailof thesolutionis dependentonthetypeof TE bound-

ary condition,the attractorfollowed by the solutionis apparentlynot significantly influenced.A

similar behavior wasfoundregardingthe influenceof theturbulencemodel. Whennon-linearities

arepresent,thesolutionis significantlyaffectedby theuseof theS-A or theB-L turbulencemodels.
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In thepresentsolver, theboundaryconditionsarecomputedexplicitly. Thegrid-cutbound-

ary conditionsareobtainedby meansof linear interpolationandtheairfoil surfaceboundarycon-

ditionsareperformedusinga first-orderextrapolationfor Eulercomputationsandzeroth-orderex-

trapolationsfor Navier-Stokescalculations.An improvementontheaccuracy of thesolvercouldbe

obtainedby computingthecutboundaryconditionsimplicitly andusinghigher-orderextrapolations

for theairfoil surfaceboundaryconditions.

An improvedmethodof modelingtheporosityof thewind tunnelwalls wasimplemented.

Two differentmodelsweretested. Oneadoptedthe approachpresentedby Mokry et al. [35], in

whichthenormalvelocity throughtheporousregionwasproportionalto thepressuredifferencebe-

tweentheplenumchamberandthetestsection.Theotherconsistedof aviscousapproachassuming

thesamenormalvelocitybut notangentialcomponentat theporousregionof thewind-tunnelwalls.

The modelingof the tunnelwall porosityandthe way the correspondingboundaryconditionwas

applied(viscousor inviscid) werebothfoundto affect thenumericalpredictionsof thesteady-state

andflutter characteristicssignificantly. The improved porositymodelsalsoallowed moreflexibil-

ity for thegenerationof thegrid becausethe requirementfor analmostequallyspacedgrid at the

porousregion of thewallswasno longernecessary.

Thetransonictwo-degree-of-freedombending/torsionflutter analysisof theNLR 7301su-

percritical airfoil sectionwas performedwith tunnel walls modeledwith an improved porosity

boundarycondition. This model showed that the porosity parameterinfluencessignificantly the

predictionof the limit-cycle amplitudes. On the otherhand,the computedphaseanglebetween

pitch andplungemotionsandtheflutter frequency werenot significantlyaffectedby theporosity

parameter.

Themainconclusionfor thewind-tunnelinterferenceproblemis thatthelimit-cycle flutter

amplitudescan be quite sensitive to the chosenwind-tunnelwall porosity. In fact, flutter may
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be suppressedcompletelyfor a sufficiently small valueof the porosity parameter. Furthermore,

the free-flight flutter behavior may differ substantiallyfrom the behavior found in a porouswind

tunnel,dependingon thechosenporosityandblockageratio. Consequently, furtherinvestigationis

necessaryto assessthemodelingof theporouswall boundaryconditionandthecorrelationbetween

wind-tunneltestsandfree-flightconditions.
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APPENDIX A: DEFORMING GRID EQUATIONS

Navier-Stokesequationsin non-dimensionalform:

∂Q
∂t
- ∂F

∂x
- ∂G

∂z
+ Re. 1 / ∂F

∂x
- ∂G

∂z 0 (A.1)

whereQ +21 ρ 3 ρu 3 ρw3 e4 T .

For theLHS of Eq. (A.1):

Q + Q 1 x 3 z3 t 45+ Q 1 ξ 3 ζ 3 τ 476 ∂Q
∂t + ∂ξ

∂t
∂Q
∂ξ
- ∂ζ

∂t
∂Q
∂ζ
- ∂τ

∂t
∂Q
∂τ + ξtQξ

- ζtQζ
-

Qτ

F + F 1 x 3 z3 t 45+ F 1 ξ 3 ζ 3 τ 486 ∂F
∂x + ∂ξ

∂x
∂F
∂ξ
- ∂ζ

∂x
∂F
∂ζ
- ∂τ

∂x
∂F
∂τ + ξxFξ

- ζxFζ

G + G 1 x 3 z3 t 45+ G 1 ξ 3 ζ 3 τ 476 ∂G
∂z + ∂ξ

∂z
∂G
∂ξ
- ∂ζ

∂z
∂G
∂ζ
- ∂τ

∂z
∂G
∂τ + ξzGξ

- ζzGζ

(A.2)

Similarly:

∂R
∂x
+ ξxRξ

- ζxRζ and
∂S
∂z
+ ξzSξ

- ζzSζ (A.3)

SubstitutingEqs.(A.2) and(A.3) into Eq. (A.1):

ξtQξ
- ζtQζ

-
Qτ
- ξxFξ

- ζxFζ
- ξzGξ

- ζzGζ + Re. 1 1 ξxRξ
- ζxRζ

- ξzSξ
- ζzSζ 4 (A.4)

Let Q berescaledby theJacobianby definingQ̂ + J . 1Q. Then:

111



1 J . 1Q4 τ + J . 1Qτ
- 1 J . 1 4 τQ 6 Qτ + J 9:1 J . 1Q4 τ ; 1 J . 1 4 τQ<1 J . 1ξtQ4 ξ + J . 1ξtQξ
- 1 J . 1ξt 4 ξQ 6 ξtQξ + J 9:1 J . 1ξtQ4 ξ ; 1 J . 1ξt 4 ξQ<1 J . 1ζtQ4 ζ + J . 1ζtQζ
- 1 J . 1ζt 4 ζQ 6 ζtQζ + J 9:1 J . 1ζtQ4 ζ ; 1 J . 1ζt 4 ζQ<1 J . 1ξxF 4 ξ + J . 1ξxFξ
- 1 J . 1ξx 4 ξF 6 ξxFξ + J 9:1 J . 1ξxF 4 ξ ; 1 J . 1ξx 4 ξF <1 J . 1ζxF 4 ζ + J . 1ζxFζ
- 1 J . 1ζx 4 ζF 6 ζxFζ + J 9:1 J . 1ζxF 4 ζ ; 1 J . 1ζx 4 ζF <1 J . 1ξzG4 ξ + J . 1ξzGξ
- 1 J . 1ξz 4 ξG 6 ξzGξ + J 9:1 J . 1ξzG4 ξ ; 1 J . 1ξz 4 ξG<1 J . 1ζzG4 ζ + J . 1ζzGζ
- 1 J . 1ζz 4 ζG 6 ζzGζ + J 9:1 J . 1ζzG4 ζ ; 1 J . 1ζz 4 ζG<1 J . 1ξxR4 ξ + J . 1ξxRξ
- 1 J . 1ξx 4 ξR 6 ξxRξ + J 9:1 J . 1ξxR4 ξ ; 1 J . 1ξx 4 ξR<1 J . 1ζxR4 ζ + J . 1ζxRζ
- 1 J . 1ζx 4 ζR 6 ζxRζ + J 9:1 J . 1ζxR4 ζ ; 1 J . 1ζx 4 ζR<1 J . 1ξzS4 ξ + J . 1ξzSξ
- 1 J . 1ξz4 ξS 6 ξzSξ + J 9:1 J . 1ξzS4 ξ ; 1 J . 1ξz 4 ξS<1 J . 1ζzS4 ζ + J . 1ζzSζ
- 1 J . 1ζz 4 ζS 6 ζzSζ + J 9:1 J . 1ζzS4 ζ ; 1 J . 1ζz4 ζS<

(A.5)

SubstitutingEq. (A.5) into Eq.(A.4) anddividing by J:

1 J . 1Q4 τ ; 1 J . 1 4 τQ - 1 J . 1ξtQ4 ξ ; 1 J . 1ξt 4 ξQ
- 1 J . 1ζtQ4 ζ ; 1 J . 1ζt 4 ζQ- 1 J . 1ξxF 4 ξ ; 1 J . 1ξx 4 ξF

- 1 J . 1ζxF 4 ζ ; 1 J . 1ζx 4 ζF- 1 J . 1ξzG4 ξ ; 1 J . 1ξz 4 ξG
- 1 J . 1ζzG4 ζ ; 1 J . 1ζz 4 ζG+ Re. 1 9:1 J . 1ξxR4 ξ ; 1 J . 1ξx 4 ξR
- 1 J . 1ζxR4 ζ ; 1 J . 1ζx 4 ζR- 1 J . 1ξzS4 ξ ; 1 J . 1ξz 4 ξS

- 1 J . 1ζzS4 ζ ; 1 J . 1ζz 4 ζS<
(A.6)

Rearrangingtermsin Eq. (A.6) andusingthedefinitionsof Q̂, ξ̂ andζ̂:

1 Q̂4 τ ; Q 9:1 J . 1 4 τ - 1 ξ̂t 4 ξ - 1 ζ̂t 4 ζ < - 1 ξ̂tQ
- ξ̂xF

- ξ̂zG4 ξ - 1 ζ̂tQ
- ζ̂xF

- ζ̂zG4 ζ; F 9:1 ξ̂x 4 ξ - 1 ζ̂x 4 ζ < ; G 9:1 ξ̂z4 ξ - 1 ζ̂z4 ζ <+ Re. 1 = 1 ξ̂xR
- ξ̂zS4 ξ - 1 ζ̂xR

- ζ̂zS4 ζ ; R9:1 ξ̂x 4 ξ - 1 ζ̂x 4 ζ < ; S9:1 ξ̂z 4 ξ - 1 ζ̂z4 ζ <?> (A.7)

112



Expandingsometerms:

1 J . 1 4 τ +@1 xξzζ ; xζzξ 4 τ + xξτzζ
-

xξzζτ ; xζτzξ ; xζzξτ (A.8)

1 ξ̂t 4 ξ +A1 xζzτ ; xτzζ 4 ξ + xξζzτ
-

xζzξτ ; xξτzζ ; xτzξζ (A.9)

1 ζ̂t 4 ζ +A1 xτzξ ; xξzτ 4 ζ + xζτzξ
-

xτzξζ ; xξζzτ ; xξzζτ (A.10)

CombiningEqs.(A.8), (A.9), and(A.10):

1 J . 1 4 τ - 1 ξ̂t 4 ξ - 1 ζ̂t 4 ζ + 0 (A.11)

Importantto notethatEq. (A.11) is known astheGeometricConservation Law (GCL). It

will bederivedagainin AppendixB to show that it actuallyrepresentstheconservationof volume

asthegrid is changedin time.

Although the RHS of Eq. (A.11) is mathematicallyzero, it is not the samenumerically.

Theassumptionof orthogonalityis no longervalid for adeforminggrid. Consequently, oneshould

expectsomeerrorin thesolutionwhenthedeformationof thegrid is relatively large.

Expandingmoreterms:

1 ξ̂x 4 ξ +@1 zζ 4 ξ + zξζ1 ζ̂x 4 ζ +@1 ; zξ 4 ζ + ; zξζ

6B1 ξ̂x 4 ξ - 1 ζ̂x 4 ζ + 0 (A.12)

1 ξ̂z 4 ξ +A1 ; xζ 4 ξ + ; xξζ1 ζ̂z 4 ζ +A1 xξ 4 ζ + xξζ

6C1 ξ̂z 4 ξ - 1 ζ̂z4 ζ + 0 (A.13)

113



PluggingEqs.(A.12) and(A.13) into Eq. (A.7):

1 Q̂4 τ - 1 ξ̂tQ
- ξ̂xF

- ξ̂zG4 ξ - 1 ζ̂tQ
- ζ̂xF

- ζ̂zG4 ζ+ Re. 1 9:1 ξ̂xR
- ξ̂zS4 ξ - 1 ζ̂xR

- ζ̂zS4 ζ < (A.14)

Defining:

F̂ + ξ̂tQ
- ξ̂xF

- ξ̂zG R̂ + ξ̂xR
- ξ̂zS

Ĝ + ζ̂tQ
- ζ̂xF

- ζ̂zG Ŝ + ζ̂xR
- ζ̂zS

(A.15)

SubstitutingEqs.(A.15) into Eq.(A.14):

Q̂τ
-

F̂ξ
-

Ĝζ + Re. 1 1 R̂ξ
-

Ŝζ 4 (A.16)

Equation(A.16) representstheNavier-Stokesequationsin non-dimensionalform andwrit-

ten in termsof thecomputationaldomainvariables.It is importantto notethat theNavier-Stokes

equationsarevalid for a changinggrid becausethe Jacobianwasconsideredto be a function of

time.
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APPENDIX B: GEOMETRIC CONSERVATION LAW

Thevelocityof thegrid pointsonasurfaceScanbedescribedby WS +D1 xτ 3 zτ 4 for 1 x 3 z4FE S

andthevelocityof all grid pointsis givenby thefield W +A1 xτ 3 zτ 4 .
GeometricConservationLaw (GCL):

d
dt G V dV + G S

WS H dS (B.1)

Applying theDivergenceTheorem:

d
dt G V dV + G V 1 ∇ H W 4 dV (B.2)

But:

dV + dxdz 1 14F+ J . 1 dξ dζ 1 1486 d
dt G ϑ

J . 1 dξ dζ + G ϑ
1 ∇ H W 4 J . 1 dξ dζ (B.3)

Expandingtheterm 1 ∇ H W 4 :
J . 1 1 ∇ H W 47+ J . 1 / ∂u

∂x
- ∂w

∂z 0 + J . 1 / ∂ξ
∂x

∂u
∂ξ
- ∂ζ

∂x
∂u
∂ζ
- ∂ξ

∂z
∂w
∂ξ
- ∂ζ

∂z
∂w
∂ζ 0 (B.4)

Rearrangingtheterms:

J . 1 1 ∇ H W 47+ J . 1 1 ∇ξ H Wξ
- ∇ζ H Wζ 4 (B.5)

But:
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1 J . 1∇ξ H W 4 ξ +A1 J . 1∇ξ 4 ξ H W -
J . 1∇ξ H Wξ6 J . 1∇ξ H Wξ +A1 J . 1∇ξ H W 4 ξ ; 1 J . 1∇ξ 4 ξ H W

1 J . 1∇ζ H W 4 ζ +A1 J . 1∇ζ 4 ζ H W -
J . 1∇ζ H Wζ6 J . 1∇ζ H Wζ +A1 J . 1∇ζ H W 4 ζ ; 1 J . 1∇ζ 4 ζ H W

(B.6)

SubstitutingEq. (B.6) into Eq.(B.5):

J . 1 1 ∇ H W 47+@1 J . 1∇ξ H W 4 ξ - 1 J . 1∇ζ H W 4 ζ ; W H 9:1 J . 1∇ξ 4 ξ - 1 J . 1∇ζ 4 ζ < (B.7)

It is alsoknown that:

∇ξ H W +JI ∂ξ
∂x i
- ∂ξ

∂zk K H 1 xτi
-

zτk 47+ ξxxτ
- ξzzτ + ; J 1 xζzτ ; xτzζ 48+ ; ξt

∇ζ H W +JI ∂ζ
∂x i
- ∂ζ

∂zk K H 1 xτi
-

zτk 47+ ζxxτ
- ζzzτ + ; J 1 xτzξ ; xξzτ 47+ ; ζt

(B.8)

PluggingEq. (B.8) into Eq.(B.7):

J . 1 1 ∇ H W 47+ ; 1 J . 1ξt 4 ξ ; 1 J . 1ζt 4 ζ; W H = 9:1 J . 1ξx 4 ξ - 1 J . 1ζx 4 ζ < i - 9:1 J . 1ξz 4 ξ - 1 J . 1ζz 4 ζ < k > (B.9)

Rearrangingterms,performingthedotproductandusingξ̂ + J . 1ξ andζ̂ + J . 1ζ:

J . 1 1 ∇ H W 4L+ ; 1 ξ̂t 4 ξ ; 1 ζ̂t 4 ζ ; xτ 9:1 ξ̂x 4 ξ - 1 ζ̂x 4 ζ < ; zτ 9:1 ξ̂z 4 ξ - 1 ζ̂z4 ζ <+ ; 1 ξ̂t 4 ξ ; 1 ζ̂t 4 ζ ; xτ 9:1 zζ 4 ξ ; 1 zξ 4 ζ < ; zτ 9 ; 1 xζ 4 ξ - 1 xξ 4 ζ <+ ; 1 ξ̂t 4 ξ ; 1 ζ̂t 4 ζ (B.10)

SubstitutingEq. (B.10) into Eq. (B.3) andassumingthattheJacobianvariescontinuously:
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G ϑ
∂τ 1 J . 1 4 dξ dζ + G ϑ

9 ; 1 ξ̂t 4 ξ ; 1 ζ̂t 4 ζ < dξ dζ 6 G ϑ
9 ∂τ 1 J . 1 4 - 1 ξ̂t 4 ξ - 1 ζ̂t 4 ζ < dξ dζ + 0 (B.11)

Hence:

∂τ 1 J . 1 4 - 1 ξ̂t 4 ξ - 1 ζ̂t 4 ζ + 0 (B.12)
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APPENDIX C: JACOBIAN MATRICES

A. Matrices Â, B̂, and M̂

It is necessaryto know thematricesÂM , Â. , B̂M , B̂. , andM̂ in orderto applythenumerical

methoddiscussedin ChapterII. Matrices ÂM , Â. , B̂M , and B̂. are obtainedby assumingflux

splitting. ThesematricesarisebecausematricesÂ andB̂ canbewritten in termsof aneigenvalue

factorization:

Â + ΣAΛAΣ . 1
A and B̂ + ΣBΛBΣ . 1

B (C.1)

where:

ΛA +
NOOOOOOOOOOP

λA
1 0 0 0

0 λA
2 0 0

0 0 λA
3 0

0 0 0 λA
4

QSRRRRRRRRRRT and ΛB +
NOOOOOOOOOOP

λB
1 0 0 0

0 λB
2 0 0

0 0 λB
3 0

0 0 0 λB
4

QSRRRRRRRRRRT (C.2)

Also, thediagonalmatricesΛA andΛB canbesplit into thesummationof two parts:

λA
i + λAMi

- λA .i and λB
i + λBMi

- λB .i (C.3)

where:

λ Mi + λi
-VU λi

U
2

and λ .i + λi ; U λi
U

2
(C.4)

In doingthis,matricesÂ andB̂ canbewrittenas:

Â + ΣA 1 Λ MA - Λ .A 4 Σ . 1
A and B̂ + ΣB 1 Λ MB - Λ .B 4 Σ . 1

B (C.5)
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1. Matrix M̂

M̂ + ∂Ŝ

∂Q̂
+
NOOOOOOOOOOP

0 0 0 0

m21 α1 1 1( ρ 4 ζ α2 1 1( ρ 4 ζ 0

m31 α2 1 1( ρ 4 ζ α3 1 1( ρ 4 ζ 0

m41 m42 m43 α4 1 1( ρ 4 ζ

QSRRRRRRRRRRT (C.6)

where:

m21 + ; α1 1 u( ρ 4 ζ ; α2 1 w( ρ 4 ζ m31 + ; α2 1 u( ρ 4 ζ ; α3 1 w( ρ 4 ζ
m41 + α4 WX; e( ρ2 - 1 u2 - w2 4Y( ρ Z ζ ; α1 1 u2 ( ρ 4 ζ ; 2α2 1 uw( ρ 4 ζ ; α3 1 w2 ( ρ 4 ζ

m42 + ; α4 1 u( ρ 4 ζ ; m21 m43 + ; α4 1 w( ρ 4 ζ ; m31

(C.7)

and

α1 + µ / 4
3

ζ2
x
- ζ2

z 0 α2 + µ
3

ζxζz α3 + µ / ζ2
x
- 4

3
ζ2

z 0 α4 + γµ
Pr [ ζ2

x
- ζ2

z \ (C.8)
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